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ABSTRACT. 
The bulk of th~s thesis is concerned with the calculation 
bf molecular wavefunctions - calculated within a 
Different Orbitals for Different Spins framework. 
Initially other important methods of constructing 
molecular wavefunctions are considered, and the DODS 
method is discussed in relation to them. Two different 
DODS methods are considered in detail, namely the 
Alternant Molecular Orbital method and the Non-Paired 
Spatial Orbital me-thod. Other workers have previously 
used these methods and obtained satisfactory wavefunctions. 
Both methods make ~ood allowance for electron correlation, 
but for benzene, and several other hydrocarbons, the 
NPSO method proves superior. Pauncz has stated that,(~~ 
because the NPSO calculations are cwnbersome,"one 
cannot expect to c.pply this method to larger systems." 
In this thesis ths NPSO method is extended to larger 
molecules, namely azulene, anthracene and phenanthrene. 
In all cases the NPSO method proves superior to the 
.M10 method • With azulene, for example, a better ground 
state energy is obtained using a one-parameter NPSO 
~avefunction, than with a five-parameter optimised 
AMO wavefunction. 
Having found satisfactory ground state wavefunctions 
for these molecules, and observed that most endorse 
the sug~cst~on that k .~ 0.25 , the NPSO method was mln 
applied to open shell systems, such as benzyl radical, 
and butadiene ne~ative ion. The results for the benzyl 
2 
radical are more satisfactory than for other open shell 
systems. ~he spin density distribution of the benzyl 
radical was calculated by various approximations, but 
with limited success. In this context we developed a 
fully spin projected NPSO method. 
I { 
3 
I. INTRODUCTION 
1.1: Solution of the Schrgdinger Wave Equation. 
The study of the electronic structure of molecules is 
based on the search for a solution of the Schr~dinger wave 
equation (1), since the electronic structure and properties 
any molecule can be derived from the wave function. 
where, for n electrons, the 
.. 
H~ [(I'~ t?l- t ~e') 
• 1 1~ ;. (,'j 
\." ~ 
• .1-1 
Hamiltonian operator is 
" +L 
. , 
• .1-2 
"J 
This form of the Hamiltonian already assumes that:-
1) only stationary states are being considered; 
, 
2) spin-orbit interactions are neglected; and 
3) the Born-Oppenheimer approximation (2) holds. 
The expectation value of the Hamiltonian operator,~H7 
. ~ 
is given by 
(H7 • f.~ H~lf St • .1-3 
and is regarded as the total electronic energy, E. 
For a many electron system, the exact solution of the 
equation (I-I) is not possible, but there are useful / 
r 
approximate methods. Hartree (3} assumed that each electron 
moves independently of, but under an average potential due 
to the other electrons, in an orbital ~~ (~~) , 
Xt denotes electron position. This "Independant Particle 
Model" (4) assumes that the wavefunction is a simple product 
.. 
of one electron orbitals 
This form of the wave function would be valid if there were 
I 
no electron repulsion terms of the form~' in H, but 
~ 
the Hartree method does include the average potential due 
to the other electrons. 
The electronic energy, E, is now the sum of the energies 
of the individual electrons. 
I.2: Electron correlation (5) 
Since electron repulsion terms are neglected in the 
Hartree method, there is, in theory, a finite probability 
of two electrons having the same position co-ordinates. In 
fact there is no correlation between the motions of the 
individual electrons. 
There are two types of electron ~orrelation:-
a)Fermi Holes (6) 
The Pauli Principle states (7) that all particles with 
half-integral spin are described by anti symmetric wavefunctic 
Since electrons have half-integral spin, they are in fact 
fermions; the result is the exclusion principle. No tw;o' 
electrons can have the same four q~antum numbers: that is, 
no two electrons of the"same spin can occupy the same part 
of space. 
5 
b) Coulomb ,Holes (8) 
For electrons of the same spin there will be a Fermi hole; 
but for electrons of-opposite spin there will be no Fermi 
hole. _Thus there is a finite probability of two electrons 
occupying the same part of space. However there will be a 
,. 
charge interaction between two electrons of - ~, ,if 
rtJ 
they are a distance r0 apart. As (d tends to zero, as 
the electrons approach each other, this interaction will 
become infinite. Thus it is not possible for two electrons 
to approach each other closer than a fixed distance, and a 
Coulomb hole results. 
A Fermi hole is due to spin interactions, but a Coulomb hole 
is due to charge interactions. A Coulomb hole imposes the 
restriction that no two electrons, irrespective of spin, can 
occupy the same part of space. 
1-3: Including correlation in the wavefunction. 
a) Spin correlation. 
The Hartree wavefunction, equation 1-4, is unsatisfactory 
for two reasons: (i) it ignores the spins of the electrons, 
and (ii) it does not treat them as indistinguishable particles 
The wavefunction can be written as 
~i. ,each consisting of a space 
a product of spin orbital 
orbi tal Wi (Xi) and a 
spin factor . Each space orbital can occur 
twice; once with a spin factor of and once with factor 
• Thus:-
.. 1-5 
, , , ~ ~ ('i •. ,) d ( :(,.~) If ~ (-...) f 
It is more convenient to define a set of spin orbitals, 6 
and 
-
•• I-6 
~,(L) ~ tYi (~l) f3 (,,-i) 
and thus:-
-
•• I-7 
To make allowance for the indistinguishability of the electrons 
we must include all permutations of the electrons in the spin 
orbitals: 
P denotes permuta-tions, 
and at is a numeric~l coefficient. 
The Pauli principle requires that interchange of two electrons 
changes the sign of the wavefunction, giving 
~ , Z (:1)P P ¢,(t) f.b) ... 
p 
where, for an odd number of interchanges (-!)P % -I 
and t J for an even number. 
This can be\\'ritten as:-
-
-A ! ~,(.) ~, (2) ." , 
where A is the antisymmetriser, 
A = E c..-I) "P . 
p 
~~ (~-l) ~~(~) J 
:t. ;l.. •• I-IO 
J 
7 
Equation 1-9 is in fact the expansion of a determinant. Thus 
the wavefunction can be written in terms of a Slater 
determinant (9); all possible permutations of electrons 
are included, and since the determinant vanishes if any 
two rows or columns are the same, Fermi holes are included also. 
b) Space correlation • 
. 
Although the Hartree- Fock (HF) method (10) takes into 
account spin correlation - through the use of a' Slater 
determinant, it makes no allowance for space correlation. It 
finds the wavefunction for each electron in the presence of 
an average potential due to the remaining electrons, and 
hence it negle'cts the "instantaneous" repulsions between 
pairs of electrons. There will thus be a difference between 
the energy calculated from the exact solution of the 
" Schrodinger wave equation, arid the HF energy. This difference 
is known as the correlation energy (2.3). 
1.4: Methods 'of including J~U correlation in the wavefunction. 
Several methods (14,13,12) have been developed to try 
to include some space correlation in the wavefunction. 
(i)Correlated Wavefunction. (11) 
One possitle method of introducing a coulomb hole into 
the wavefunction is to include the interelectronic distance, 
(~ ,.explicitly. Hylleraas (14), James and Coolidge (15) 
deve19ped this method. It works well for two electron systems, 
such as Helium or Hydrogen, but its application to systems 
with larger numbers of electrons is difficult, because the 
'. 
8 
mathematics becomes unmanagable. The problem is the evaluatj 
of the expectation value of the Hamiltonian, when the 
integrals involved contain more than one interelectronic 
distance. Sz~sz (16) has recently performed more calculation 
in an effort to extend the range of applicability of this 
method. 
Sinano'lu (12) proposed another method of incorporating 
into the wavefunction - the many electron theory. He 
showed that, in HF theory, the long range potentials are 
taken into account. H~ing expressed the wave function in 
terms of the HF wavefunction, and a correction term, he 
expanded the correction term as two, three, four, •••• electrc 
excitations. Since the potentials neglected by HF theory, 
short range potentials, are due to the spin pairing of the 
e~ectrons, he neglected all but the two electron terms in 
the~e?pansiQ~ and so reduced the correction to a soluble 
two electron problem. 
(ii) Configuration Interaction. (17) 
The configuration interaction (CI) method - or superpositio: 
of configurations method - was first considered by 
Hylleraas (18). A better approximation to the ground state 
w~vefunction can be formed by allowing for interactions 
between the HF ground state,~o ' and the excited state 
configurations. Since every normalisable antisymmetric 
wavefunction"can be expressed as a linear combination of 
Slater determinants' built up from a complete-basis set of one 
electron functions .( 19) we can expand the total wave function 
as 
•• I~ll 
The coefficients,Ck;. , that will give the best solution to 
equation I-I can be found by the variation principle (20). 
A set of linear equations lS formed, 
•• 1-12 
which may be solved if 
Jtt [Ukl - rSk~J IS 0 •• 1-13 
where 
Uu , J q" H tVl St, 
The theory of the method is simple; the practical 
application is frought with difficulties. Using a compl~te 
basis set means the size of the secular determinant is 
9 
huge. Despite the reduction in the number of configurations 
that need to be included, through considering spin and 
symmetry restrictions, the task is still mammo.th. To 
worsen the situation, convergence is slow. By varying the 
basis orbitals at the same time as varying the coefficients 
we can improve the situation. This is multiconfigurational 
Self-consistent Field (SCF) CI. (21 ) 
(iii) Different Orbitals for Different Suins, DODS. (22) 
We have already noted, that, for closed shell systems, the 
same space orbital is used twice, in a determinantal 
wavefunction. Since some electron correlation is due to 
the interactions between electrons ~n'these doubly occupied 
orbitals, a better ,wave function could be formed by putting 
electrons of different spin into different space orbitals. 
Thus:-
f ~ r It: (I),{(,) ~tu.) J(z,) 
/ .If'~ (Jul) ~(~I) ." 
., , • ~t\(H)~(I1) 
If'1.>1 {lit l f (2" ) I 
•• I-14 
10 
The bulk of this thesis will be devoted to the calculation of 
molecular wavefunctions and properties using DODS methods. 
II. HARTREE-FOCK THEORY.(IO) 
II.I:Introduction. 
In order to find the best wavefunction, yv , of a 
particular form, the variation principle (25) is applied 
and the expect~tion value of the Hamiltonian, H, is 
minimised. This expectation value is the energy, E, 
E? f qA H Y'~ Sit 
S\{I' ~ St • •• 2-1 
The energy can be calculated using an initial approximate 
wavefunction which can be varied with respect to the 
starting orbitals and the variation set equal to zero. 
11 
Solving the resul-ting problem J , by the method of Lagrangian 
multipliers(24), gives a set of coupled integro-differential 
equations. The solution of these coupled equations 
gives the best wavefunction consistent with the initial 
approximation. 
If a simple product of one electron orbitals is used 
as the initial wavefunction the Hartree equa-tions ( 3) 
are obtained. If a Slater determinant (9 ) is used the 
Hartree- Fock equations are formed,(IO). 
11.2: Hartree-Fock Equations. 
For a determinantal wavefunction for a closed shell 
system 
-
•• 2-2 
# ' , , 
the energy is given by 
"(1 
£=2ir~ · .2-3 
t~ , 
where :.-
i) 
•. 2-4a 
""""'ft (1) is the one electron z,.part of equation~ 1';"2, 
. " C" h" ri,l, - 7.-," J the Ham1l ton1an, ~Ht VI, A.,..-~ 
.") r~ 11 _ 
JIj :: ff \f'{tI) 1ft,; 0) {1,. If'j (1.) l/J u) St; S1;. 
• .2-4b 
is a coulomb integral, account1ng for repulsions between 
the electrons in orbitals ~~ "I') ltJ ' 
and 
iii) 
KU ~ J]4'i~C" lYj (.) f:1. ~~.,f.(t) lfj(~) sr, S~ •• 2-4c 
is an exchange integral. 
From this the HF equations are obtained as, assuming, 
real orbitals, 
O~Wlt (,' + f C1Jj" ) - !:j ('!J (h, C. ) '" Gi- LIi CI} 
where JjO) ,,~~ ~ (.) are defined from 
tv · f ~iV) KJ(') ~iV) SC, 
,: f ~J Ct.) It\p-) o/j~) sr~ -
and 
J~ · S ~.: C.) Jj") ~ i (0) be I 
~ f ~j (1-) Ji(~) ~j(J,) hC~ 
• .2- 5 
• .2-6a 
•• 2-6b 
12 
that is: 
.• 2-7 
In order to solve these equations an iterative procedure 
is used. The initial orbitals are guessed, used to 
calculate and ~j , which are in turn used to solve 
equation 2-7 for a better approximate wavefunction. 
This procedure is repeated until there is no variation 
in either the orbitals or the energy; that is until 
self consistency results. 
II.j:Hartree-Fock for Molecules.(26). 
For atoms we can solve the HF equations. For molecules, 
because of the lack of spherical symmetry, the linear 
combination of atomic orbitals - LCAO - approximation 
should be used. 
For closed shell molecules HF calculations are usually 
performed by the Roothaan method (24) in which the 
molecular wavefunctions tt~ can be expanded in terms of 
-the atomic orbitals ~i ' as 
~ Ci~ rr •• 2-8 , 
Substituting equation 2-8 into equation 1-1 and applying 
the variation principle results in an equation analogous 
to equation 2-7, 
•• 2-9 
13 
14 
where Frs ~ J1-,..C.) he,) 'fs(t) S't.,. 
E r tl. G.Jf~(, )"'ft;(i »). ~ r.) 1,.{ z.) ~r I SC1 l;" ~ U r, 1. I ""r 
•• 2-10 
JJ ")C,.(') ~i2.)J,:;2. 1..(.) ~ (z) fr, SrI. J 
is defined as 
14ft 
the bond order matrix, ( 27). 
Ph ;: ( 
t+t. I 
•• 2-11 
The energy, E, is given by 
•. 2-12 
Again an iterative SCF method is used to solve the 
equations. 
II.4:Hartre9-Fgck theory for Open Sh~~~stemS1 (28). 
HF theory seeks the best single determinant wave function 
with doubly filled orbitals. However it can be extended 
to open shell systems; but firstly some of the spin 
properties of the wavefunction will be considered. 
Spin properties of the wavefunction: 
In writing the Hamiltonian operator as equation 1-2, 
spin-orbit coupling was ignored, -thus H is spin free. 
In this case the Hamiltonian operator, (29,3ri),must 
2 
commute with both the t,otal spin operator, S ' and 
the z-component, Sz . That is: 
•• 2-13 
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and 
Thus the' wavefunction,tt, an eigen-function of H, must 
C'9 52. also be an eigen-function of the operators ~Zand 
Although the.formation of a wavefunction, in terms of 
a product of one-electron orbitals, that is an eigen-
function of Sz is easy, it is considerably more 
difficult to make such a wavefunction an eigen-function 
of S1 . A Slater determi~ant of the type so far considered 
(equation 1-7) will automatically be an eigen-function of 
" both th'e Sz. and sz. operators, since it consists of 
doubly filled orbitals. For an open shell system the 
situation is different. 
-. -
lJ' ~ ~ I ~I f,. ~~ ~~ " . ' 
In gene;al, if a determinantal wavefunction for an 
open shell system, (equation2-14), has nd} c:4 spin 
electro~s. and (l~ I {3 spin electrons, t1~ "? "(3 , 
it will not be an eigen-func"t::ion of S~ unless the 
number of doubly occupied orbitals is t\~, (30 ) • 
Open shell.SCF Hartree-Fock theory: 
-. .. 
Roothaan (28) and Huzinaga (31) extended SCF theory 
to open shell systems, such as radicals and excited 
states, using a wavefunction of the form of ~quation 2-14 • 
. -.~ 
Equation 2-9 still holds, but now the' Fock operator, 
Frs ,is defined as: 
/ 
I 
~: ~ ~~ Ii,., dJ.,. -k-1) - (u Jo - J3 14) I '($ > 16 
. . .,. P: (5"1"14 8.ts .r Sts By If] .f f Ptu CSr .. &t.s .f S.f;s S" .. 1 
where 
11 ~. S" .. JII -. 
~f ' t" .,.. k'" • 
~ o(I'*'_f) 
, A and [; are and ~:: ( ,- .,) /(1 ~ f ) 
numerical constants, depending on the system, (28). 
:f = fractional occupation number of open shells, 
•• 2-15 
= number of occupied spin orbtials divided by the 
number of available spin orbitals. 
and 
and 
dlStJ S~Uj 
~ l ~14 Ctt •• 2-16 
~ 
and ,,~ S~.ttu 
P~ • ~ UI> CI(,t and 
Here contains an open shell and a closed shell term. 
The energy is still given by equation 2-12. 
Hartree-Fock theory extended to a DODS system,(3 2): 
The unrestricted HF method (33) extends HF theory such 
that the initial wavefunction allows electrons of 
17 
different spins to occupy different spatial orbitals. 
. -, if ~ A ,I ~, (,)"(6) ~% (z-)~) -- - ~ ... (OK) .,({~) 
- ~It\ .. , ("HI) ~(_) ." - ~ (,,) fC ... ) I· .2-17 
The energy is now 
" .. .. 
I f ~ \" 1-1,. ", 1. ~[, 5,,' f..v H, ~" v 
. ~'. , J ~,. " 
Applying the variation principle to this in the LeAD 
. ., 
approximation leads to two pseudo-eigenvalue problems, 
for ~ 'and , electrons separatelt; 
F " ct ~ £;, i~ S C~", 
fP U" : G,' S C~~ • .2-19 
where d F~' It .... 1 - Jl and 
• .2-20 
r~ ~ ff -t J - k P 
Fr.s I- and Fr.! are now defined as 
f:~ ~ "'~~[(P~ "P~)"r51~' - P~ (rsiKnJ 
• .2-21 
<rs 1 tLA I: jr.(,c.) f.s (1.) { 
u. 
,J,r 1..,.-
\jrV. U "';I. •• 2-22 
The energy is now 
fI. ~ 
E'! ~~ fl'rs" (11" +-f./Jj 
r 6 1 8 
18 
... ~ ~ ~. [ rr/' (H"s .,. Fj'S") ) •• 2-23 
where 
'" P., tl :; ~ Cri Cji 
, IJ . '" 
'rs :: ~ Cri C$i 
The wavefunction used in this method - originally 
and 
•• 2-24 
sugges~ed by Pop~e and Nesbet, (34) - is, by previous 
considerations, not necessarily an eigen-function of 
~t , V (30). Further work has been done in order to 
try to form such an eigen-function, (35)' 
Spin Extended Hartree-Fock Theory: 
The application of a spin projection operator, (36 ), Os 
to a wavefunction can give a wavefunction which is an 
eigen-function of S'J. • 
.. ~S :r Os q, •• 2-25 
The energy is calculated, using the spin eigen-function 
wavefunction as 
f lfS H lJtS s-c 
J If'S (}S S 1: •• 2- 26 
The calculation of this energy is difficult, (37), and 
so an alternative method has been·proposed, (38), where 
the energy is calculated using the unprojected 
wavefunction, ~ , and the result is then projected: 
19 
•• 2-1 
:: Os E 
•• 2-27 
" 
The validity of this method has been questioned, 
since the resulting energy is not necessarily a 
-minimum, (39). Marshall found that in certain 
cases the spin extended HF wave function gave a smaller 
energy lowering from the HF energy than the unrestricted 
energy. 
Another suggestion to try to ove'rcome the difficulties 
involved in the calculation of fS by equation 2-26 
is that, instead of the complete projection, "S' an 
annihilator (4 0 ), As is used, (41). This annihilation 
operator removes the major contaminating spin state 
'from the mixtures of states in the wavefunction, ~ • 
The UHF wavefunction can be expanded in terms of 
wavefunctions that are eigen-functions of 52. , 
where 5' t (net -tl J3) 
As m increases the value of the coefficients 
decreases, (48), thus the major contaminat~ng spin 
component is (s + 1), (4 0 ). 
•• 2-2~ 
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After annihilation the wave function is 
" 
:# .... ASfI ~ Cs lts ~ CS-f'K1 4' St~ •• 2-29 
M~1 
This method has been applied successfully by Amos and 
Snyder (42,4J; Qut it, too, has been crit.icised (43), 
since the physical quantities whose operators commute 
with the annihilation operator are not much changed 
by its application, (47). 
II:5: Other Wavq.functions. 
We shall now proceed to consider other wavefunctions, 
which, we hope will be as good, if not better than, 
the projected or annihilated HF ones. 
Throughout this work we shall consider conjugated 
hydrocarbons. We shall construct molecular wavefunctions 
using only the pi-electrons of the molecule; the 
sigma-core,assumed constant, will be included in the 
Hamiltonian through the term ~~((i). (For a 
comprehensive discussion of sigma - pi separability, 
see Parr (45) or Lykos and Parr (46).» 
III. THE NON-P"AIRED SPATIAL ORBITAL METHOD. 
III.I:1ntroduction 
··It has been suggested th?t a wavefunction which makes 
some allowance tor electron correlation riould be 
'formed by putting electrons of different spin into 
different spatial orbitals. The Non-Paired Spatial 
Orbital (NPSO) wavefunction is one type of DODS 
wavefunction, . resulting from Linnett's work, (49). 
The NPSO method starts from a valence bond (50) 
picture; but forms the molecular wavefunction from 
semi-localised two centre (nuclei) unsymmetrical bond 
orbitals, instead of from atomic orbitals. 
21 
NPSO calculations have been performed on, for example, 
the allyl radical, cation and anion, (51), benzene, (52), 
the nitrite ion, (53), and naphthalene, (54). This 
thesis is con.cerned with the extension of its application 
to a non-alternant hydrocarbon - azulene, large 
hydrocarbons - phenanthrene and anthracene, and open 
shell Eystems, such as' the benzyl radical. 
111.2: Linnett's TheorYt(S6). 
Linnett suggested that the octet of electrons 
discussed by Lewis, (55), consisted of, not four groups 
of two electrons, but two groups of four electrons. 
His considerations of charge and spin effects lead 
him to this conclusion (56):-
"It is s~tisfactory, for a qualitative picture, 
to think of the particles (electrons) in two sets, 
-one set being made up of particles of one spin, and 
22 
"the other of the other spin. The most probable disposition 
of the particles is that in which the particles 
of each set ~dopt the most fayourable disposition 
for that set, (opposite for two, equilateral triangle 
for three). If there are equal numbers of particles 
in each set, then the most probable configuration is 
that in which the particles are placed as pairs~ If 
there are unequal numbers in each set, then the 
probability is independant of the mutual dispositions 
of the two sets." 
In any many electron system, charge and spin effects 
must balance each other, since they have opposite 
effects. Electrons all have the same charge, therefore 
they repel each other. Fqr two electrons of the same 
spin, which tend to keep apart due to spin effects, 
the charge correlation will be additive. But for two 
electrons of opposite spin, the spin pairing effect 
will cause them to interact, whereas charge 
considerations would cause them to repel each other. 
Consider a group of eight electrons, four ofe< spin, 
and four of @ spin. The charge effects within the set 
of ~ spin electrons will cause the electrons to arrange 
themselves so as to reduce inter-elect~onic repulsions. 
Thus they will be at t,he corners of a tetrahedron. 
The four P electrons will arrange themselves 
similarly. We now need to consider the relative positions 
of the two 'tetrahedra, since they will interact, to 
some extent, due to spin pairing. 
/ 
In neon, for example, the filled shell contains 
'eight electrons. Here the interaction between the 
. . , 
two tetrahedra is probably quite weak; since there 
are no bonds the electrons will be positioned so as 
to minimise both charge. and spin interactions. 
In methane, CH4, however, there are four directional 
bonds. Thus it is suggested that the two tetrahdra 
will interact quite strongly, due to spin pairing. 
Here it is immaterial whether the eight electrons 
. . 
are re~arded as four pairs.or two quartets. 
As an extension ·of this method to a pi-electron 
system, we chose the theoretical chemists' favourite 
molecule, benzene. This molecule has been closely 
studied by many workers, (e.g. 57,5~,59), 
and has been considered in depth by Linnett and his 
co-workers'~2). Here the treatment is brief. 
The six pi-electrons of benzene can be considered 
as two sets of three electrons, one set of ~ spin, the 
other of ~ spin. For the charge repulsion within the 
sets to be lowered the elect~ons will be spaced around 
23 
a circle at 120°. (i.e. at the corners of an equilateral 
triangle.) 
Now we must consider the relative correlations of 
the two sets. 
Spin interactions suggest pairing - to give bonds, 
as in figure III-A. 
Because of resonance we must include bonds as in 
figure III-B. 
" o 
~ denotes a one-electron bond containing a d spin electror 
o denotes a one-electron bond containing a ~ spin electron. 
Figure III-A 
The electron spin arrangement of the 
benzene molecule. 
" 
" o 
denotes a one-electron bond containing a 
. '" spin electron. 
denotes a one-electron bond contdining a 
~spin electron. 
-.. ~ 
Figure III-B 
The electron spin arrangement of the 
benzene molecule. 
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I 
+ 
~ denotes a one-electron bond containing 
a d spin electron. 
" denotes a one-electron bond con~ng 
a p spin electron. 
Fig-ure III-C 
The electron spin drran~ement of the 
bE:n~E:ne molecu~.e"'_ ,,-' _d_l_f r~_I'_e_n_t ~~r?_:_i !_~l_~_. f_~: 
different spins. 
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However charge correlation suggests that the 
'arrangement of the two set will be as in figure III-C. 
If spin interactions are more important than charge 
effects the wavefunctionfrom arrangements III-A and 
III-B will give a lower ehergy, than that from III-C; 
whereas if charge interactions are stronger than those 
of spin the wavefunction from arrangement III-C would 
give a lower energy. 
Empedocles and Linnett (52) performed extensive 
calculations, on various models; their results led 
them to suggest that the best chemical formula for 
representing the electronic structure of benzene is 
as in figure III-C. This structure represents a 
situation in which electrons of different spins 
occupy different parts of space. 
This NPsol method has been applied to many systems. 
In all cases the wavefunctions so formed lower the 
ground state energy sufficiently to suggest that; (62) 
" there is no particular and special energy effect 
involved in the 'pairing of electrons'. Therefore 
if there are two electrons and two bond regions, 
27 
the best description of the system is as two one-electron 
bonds." 
1. The method was originally called non-pairing, but 
renamed non-paired spatial orbital; in an effort to 
clarify the situation, 
III.3:~ormation of the NPSO Wa~efunction • 
.;t) 
The major objective of the NPSO method is to form a 
molecular wave function in which electrons of opposite 
spin are separated as much as.possible but at the 
same time maximising the bonding. Electrons are 
assigned to semi-localised bonding orbitals. From 
28 
these a Slater determinant is formed such that adjacent one 
-electron bonds contain electrons of opposite spin. 
The use of semi-localised orbitals was first suggested 
by Muller and Eyring (60) and Coulson and Fischer (61). 
Both replaced the atomic orbitals (1-4 and '1 b ) 
in the molecular orbital wavefunction for hydrogen 
with orbitals of the type:-
~, :: 1--,. .... ~16 
1*'1 - ~ }'" + 1~ •• 3-1 
Their calculations led them to conclude that ionic 
and covalent resonance can be equally well described 
by the introduction of asymmetrical orbitals,( 61) • 
b) 
As an example, the NPSO wavefunction for benzene 
is considered.. 
The NPSO wavefunction is constructed from two centre 
semi-localised orbitals, that span the bonding region 
of the molecule. The semi-localised orbitals are 
formed by combining adjacent 2p-pi atomic orbitals. For 
benzene, such a one-electron bond will be:-
where k is a variable 
parameter • 
• ·3-2 
/ 
If an, electron of '" spin is assigned to this 
. semi-localised orbital, in ord~r that correct 
"separation of electron spins is achieved, the 
semi-localised orbitals 
(11 "'''1,) 
and 
(1." f k.11' 
must contain electrons of p, spin. 
The complete wavefunction will be a Slater 
determinant of the form 
~ " A/ (1, Hid(,) J. (,) 
29 
( 13"'1t. 1' .. )(1.) J{ 2) (~> .f ~ 1" ) (3) J.( 3 ) 
(~14'k.1-J)(+) P(1) ('(-If+ K~f)es-)P(~) 
(7'~" JC~,)M fC'" I 
From the geometrical consider,ations, it may seem that 
for benzene, k would be equal to 1.0; 'but a rather 
inflexible wavefunction would result. 
Now we have a wavefunction, equation 3-3, in 
which electrons of different spin occupy different 
spatial orbitals. However, it fails to satisfy the 
basic requi rements of an. acceptable wavefunction. 
• . 3-3 
\ 
/ 
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c) Requirements for a.. satisfactory wavefunction:-
i) 
A satisfactory wave function must transform 
as one of the irred~cible representations 
of the point group of the molecule. 
By applying a symmetry projection operator, n, !J ' 
(63), it is possible to meet this requirement. 
The symmetry ,projection operator is defined as 
. , 
~ = ? l [19)(K) J~ l'~ 
'" 
• • 3-4 
where 
, 
labels the irreducible representation 
is the dimensionality of the representation 
is the order of the group 
and 
1~' )(R) is the character of the group operator, 
~ ,f ~ for the J th. representation. 
Effectively one needs to consider the results of applying 
.1 t of the the symmetry operations of the p01n group 
molecule to the initial wavefunction. 
.. , 
. / 
For example:-
Benzene has point group D6h , with sy~netry elements 
E, C2 , C3 , i, S3' S6' O"'h' (iv' rd. 
Consider figure III~D. Under C2' symmetry.this gives 
figure III-E, and lfl (equation, 3-3 ) becomes 
A r (i, f l!. 7'6) (I) ~(,) (tff"~ tf) (L) ct6.) 
(?'J ~ K 7' 2) (3) ~(3) (-(..3 I- "7',) (If) P(+) 
(1', ~ It. ~5 ') (5) r(5) (7',/- f- /['](3) ((, )P(b) J 
;(~ 11- . 
The application of the other symmetry elements to 
~ will result in either ~E ,or ~ or 
with spins interchanged. For example: applying i 
gives figure III-F, and a wavefunction, fjj, where 
~ ~ A lt111- f'(7') )(.)rJ.(.) (ICh'" IL f--. )(~) J.(2) 
-
(~tlL~ j(3) ol(~) C,cstlClf,,) (4) P(4) 
(')C. + IQ(L)Cfo) ~5) (~; ... (eXit) (,) P[') I 
which is ~1 (equation 3-~) with cJ.. and P spins 
interchanged. 
Defining tt'li as lJI, with.[ and P spins interchanged 
means the total wave function ~1 is now 
I II 
'1'1 
, f.l-. 
-'fn/. I ..... 
-
•• 3- 5 
•• 3-6 
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o 
s 3 
+ 
" 
denotes a one-electr.·on bond containing an 
electron of f spin. 
" 
denotes a one-electron bond containing an 
electron of 0{ spin, 
Figure III-D 
The electron spin drrdIlgeIlleul of Lhe 
.--.. ~ .. >---- -,- '--.-.-."-- -~ . - --- ----.-
benzene molecule. 
" 
" 
3 5 
t 
o denotes a one-electron bond containing an 
~ electron of r; spin. 
~ denotes a one-electron bond containing an 
electron of ol spin. 
Fi~ure 11I.E, 
The electron spin (_ti-·rd.n~:;ement of 
------.~ ... ---.--------.-
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.2 
1 
() denotes a one-electron bond containing an 
electron of ~ spin. 
)< denotes a one-electron bond containin~ an 
electron of of spin. 
Fi~ure III-F 
The electron spin arra.n~ement of the benzene 
molecule under i symmetry. 
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Requirements for a satisfactory wavefunction:-
. {: 
The wavefunction ~ must be an eigen-function 
of the spin operators, sz. and Sr. . 
35 
i.e. 
• .3-8 
By previous considerations, the NPSO wavefunction, 
(equation 3-7) is not necessarily an eigen-function 
. t-
of S . To make the wavefunction a pure spin state, 
singlet. for b~nzene ground state, we must apply a 
spin pt:'ojection operator, ~ I (19). 
From equation 3-8 we get 
'l'hus (52. -S (s ...... ) ) will remove from the 
wavefunction, W, the term with spin component . S • 
If S = 0, the singlet term ,dll be annihilated; if 
~ = 1 the triplet. By repeated application of ~ 
Os • (s'L -S (Sot') ) 
•• 3-9 
, 
··3-10 
we can remove all terms except a specified one; say 
.s = k. Thus 
•• 3-11 
(The inclusion of the denominator is to ensure the 
component with S = k is unaltered.) The application 
of the operator, Or, to a wav~functio~, r ' generates 
a spin eigen-function of multiplicity 2k + 1. 
/ 
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Thus we must apply "0 (k=O) to the NPSO wavefunction 
for benzene to obtain the sing~et ground state. 
0,,:, 11 51 -JU+') 
j;::: 1- J' _ j (j .... ) 
• ·3-12 
'" 
The resulting wavefunction is: 
lJ' .=. 00 ~-r ·.3-13 
or 
. £f: Oc (lf1 ~ lit,) ·.3-14 
Here ~~and ~Eare included in the final wavefunction 
by the action of 00 an tit and 'i'.F, since V1ff is 
obtained from ~JlbY three interchanges. That is 
~ (~~~ 1~.lJ) : - \}'l£(olaLd I Pfr) 
where (~P F I J.~J ) 
denotes that the first three semi-localised 
orbitals in the determinanta1 wavefunction contain 
~ spin electrons, and the last three, c( spin 
electrons. This can be written more compactly as 
III.4~Ca1cu1ation of the Ground State Energy. 
i) Substituting equation 3-13 into equation 1-3, 
the ground state energy, E, is 
f 0" (lit ~ 'hi) Ii 0" ( (h ." lhi ) ~r, 
•• 3-15 
•• 3-16 
•• 3-19 
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Using the properties of projection operators,(19), 
" , 
, idempotency and commutation with the Hamiltonian 
operator, this reduces to 
f ~ fClYI.flh;) H Ob (~£ -I-~ii) S-c •• 3-18 
J(lf'I"'o/il) O,,'(ttI.f If'i) S--r," 
The energy calculation now reduces to two problems; 
calculation of integrals of the type flit H 0" W.r St: 
and of the type f ll' '( H 0" lI', S-c , and the 
-
corresponding'overlap integrals, 
"J lI' .. OD li', $(' 
., 
, 
•• 3-19 
and J 4'1 0" 'fff. SC 
ii) Calculation of llfJ H 0.5 {t, " 
Since the operation of 0.1 on the wavefunction l\'L , 
produces a new wavefuncti'on that is a linear combination 
of Slater, determinants~e calculation of J tY! H Os If! ~r:, 
is complex. 
The value of the energy of a projected single 
determinant can be calculated more easily if the 
orbital~ can be transformed to either the 
"corresponding orbitals" of Amos and Hall, (64),or 
the "paired orbitals"of L8wdin,(6s). Consider two 
sets of orbitals: u i of « spin and vi of F spin, 
If the sets u l ' u 2 ' •••••• un 
linearly independent there exists a non-singular 
transformation, which will transform them into 
orthogonal orbitals, u1 ', 
•••••• v '. 
, n (4,: ~ Z 
such that " 
U 2 ' , •••••• u ' n 
and 
are 
•• 3-20 
/ 
-
•• 3-21 
. .- . 
A detertninantalwavefunct-ion formed from the orbitals 
u i ' differ from that formed by the initial orbitals 
.ui ' by a factor det I U ,. The same type of transformation 
holds for the set v .• 
~ [. "l V~ 
" J V/ 'JI St : 
Thus it is possible to form an orthonormal set of 
• ·3-22 
•• 3-23 
orbitals from any linearly independent set of orbitals, 
without essentially changing the HF wavefunction. 
Now we 'must consider the relationships between the 
two sets, u.' and l/.f. If we could construct the sets 
~ ~ 
such that 
J I I u,~ \j St ~ .. ~.I 
that is such that the -overlap matrix contains only 
diagonal and pseudo-dia~onal terms, the number of 
non-vanishing integrals in the energy calculation 
Jlf' H as q,r~ would be considerably reduced. This 1 ... 
.·3-24 
"pairing theorem" was formulated by Amos and Hall, (64) 
and L8wdin, (65). 
The overlap matrix between the two sets can be 
formed 
• I 
J)ii :: L \A.i, /Vj " •• 3-25 
.... , , 
equi valent to (( /. ,,! ~ • (66 ) [Ui 1'5 "7 is 
. J v"'\t Y f 4J 
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Two transforms are now required 
.Iti : ~ Uk A ki 
&j s z, Vi By •• 3-26 
.(.. 
such that 
i Qi, t bj > - ~i ~~i • ·3-27 -
t~ AI; , I I 6,y k S~· t~ 4 U:" VI.' - •• 3-28 
" 
.t 
i.e. ¥ A B]) = /\, /\ diagonal. 
Multiplying by 1\' , the adjoint of /\, 
·.3-29 
gives 
•• 3-30 
But B BAA =. E , the unit matrix. 
Thus •• 3-31 
Thus f\ can be found by considering the diagonalisation 
of (j)j)*), which is Hermitian. Thus, generally, we 
. . 
can require the following orthogonality conditions 
of any two sets of orbitals:-
LUi I~' :7 
L V~ J Vj' ,=: 
< It,, I Vj i' .:: 
•. 3-32 
We can now go on to calculate the values of the 
integrals J \fJ H OJ 'fr Sf a~d J Ifl 05 t/' J. St: , 
.. by ",ell-documented methods, (67,68 ). We chose to 
follow that of Pauncz,(67) for closed shell molecules, 
·and that of Harris, (68)·for open shell systems. 
By considering the effects of the antisymmetriser 
/ on the space and spin parts of the l1avefunction, 
Pauncz wrote the matrix elements of H, and the 
overlap matr~x ,as: 
'.l/'~ II-' I '" t 7 
~ 'f'" IlVt 7 
:r 'ift)P U (p) (,t (p )to(, 
p 
= E (-I)' J (p) (A (,,)~(, 
p 
where 
:r ~ 1" J p~ 'it > 
· L'" ,,., J P" f:> 
~ L f 'P" 4, 
j denotes spin function, 
d" P denotes permutation of spin function 
p" denotes permutation of space function. 
Now projacting the spin function gives, 
Llt f.,11/ llJ'l': Zk9f' H(r) Gcs,'\I ) 
p 
Lf ... llI'.t' .. ~(:I)P f(p) (,{$,tj,) 
p 
•• 3-33 
•• 3-34 
•• 3-35 
lVhere -
@" 
of 1", 
and where 
and 
and 
are projections of products 
spin functions, ~~ and -e-.c, . 
- Os 61 
" :: C ((S,i) 1i 
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•. 3-36 
and q is the characteristic number. All functions 
with the same T., that is, all those functionlwhich 
1. 
have i P -functions amongst the first n cI- functions 
will have the same characteristic nwnber, q. 
From these equations and the orthogonality 
relationships between paired orbitals, equation 3-27, 
we can write the overlap as, 
•• ,3-37 
where are the symmetric sums, such that 
, , , 
and CCS,k' are defined (67) as , if s = 0, 
C,,-: 0)" a'/ . 
"' ... , 
..3-39 
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. and, if s ,=1, 
. ,. 
t C,,: (-I) 3 
(,"',,) (n .. l) .•• 3-40 
The one electron part of the energy is now ~_I . 
411'IH1 ''', # t f{l/hll? ""iill1li7J[tljt~,,C(sJk 
~~1 ~*O 
.. 
+ t1i aJk li7 );"} (ilk,'!7 ~"l· · .3-41 
", .' 
. f, (-,) 4' Sk C (s,k.f') 
k~" 
where 
i) 4rlkl!7$ jq;(.i) hU) 4r(i"SVi 
ii) <:! I k /i ~: f q1(i) h(.i) ~ (i) S"i 
. 
iii)" J S Sk ~ r k-tf -::. Sl - %-;, i. S~ 
"ti cJ "'i 
-where 4 and A" are paired orbitals. 
t ~ . 
··3-42 
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The two' electron part o{ the energy is given by equation 
3-46, where 
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.- ('\i f(0'JJt) 4- CtjJjr) t CB(ji,) f (iJut) -(ir/ij) 
- (riuj) - (tLUj) -(CeU]'} 
. '. 
+Aj f (qui)., ([jlJ') .." etJUt} ..f- ({jUi) -(liUJ) 
- err [i) - (('U1) - (iilJj)] 
-f (~j vi') + (LJIJi>] - ~i "J f Cl:ju~) -t (lj 'Ie)}] 
"-~ . Z (-I) l:; ~ S k. C(s, I< ~ I' .. . 
J.t;." 
•• 3-46 
This formula is misquoted in Pauncz,(67), equation 3.96 
in this reference, since there should be a negative 
si~n before the penultimate square bracket term. 
are paired orbitals. 
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iii) ~a.l.:~t:.iO~_~!~IHIOs 'fp S't 
. Ther~ is, to our knowledge, no easy way of calculatf.l'll! 
integ;a'ls of t~e type J*,t/as t/tp S-c and J'if/lips tr.9 S-C, 
when ~~ and,~; have different non-orthogonal spatial 
parts, because they have no pairing properties. Thus 
a prohibitive number of permutations have to be included 
in equation 3~35. This is also true of the method of 
.. . 
Gerrard and Lipscomb,(69). This is the major 
hurdle in the NPSO method. Duke(1') attempted to 
overcome the difficulty of lack of orthogonality 
between the functions used to construct the NPSO 
wavefunction by using orthogonalised atomic orbitals 
to constrQct the semi-localised one-electron 
,-
bonds used in the determinant. The results were somewhat 
~isappointing. He found the molecular orbital 
wavefunction was invariant under transformation to 
the orthogonalised atomic orbital (OAO) basis, the 
AMO wavefunctic~as improved by such a transformation, 
but the NPSO wavefunction worsened. f 
It is possible to calculate each integral between 
separate determinants by the method of King et al,(70); 
but this would be rather tedious and time consuming. 
For example 0, ~g , for a ten electron system would 
be a combination of 852 determinants. Using an 
annihilation operator (see section II.4) in place 
of a projection operator reduces the amount of 
work involved considerably.Here A~I~ fo~ a ten 
el~ctron system is a combination of 52 determinants. The 
integrals reduce thusi-
<. '-"t (t-tPS lIj 7 to 
~ li'J I H I Os \J-J>' to 
L lij f f-I , A s+' ,",,1 ;> 
<If'tl HI ASfe lh I 
III.S:Energy Calculations. 
Because~f the difficultie~ of applying the projected 
NPSO method various approximate methods have been 
used. 
i) 
Unprojected NPSO. 
/ Here equations of the type 3-7 are used. 
f = 4ll'/ +-If'. -'1'61 - If'!1l 'H I "'1 + lI'1i - W!Ji - <fJt! > 
~ l~ ..... ~ -lY@ - 'i'@ I II!'" &It; -lP~ -'1'6' ~ 
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- "hI 1/1' .. ~ 'i'" I Ifp.. ~ I\J.I 'h; > ..-[ 'If I w· · 3-49 
ii) 
Annihilated NPSO. 
Here an annihilation operator was used - instead of 
a projection operator. The method was a modification 
of the annihilation proposed 'by Amos and Hall, (40) . 
The energy was calculated using:-
f: '\I'J I H J As.. ~, ~ t. lIJ J H f As.. t¥!i 7 
'- 1Jj J As .. , 4'1' -t.( ~11 A~, ~p 'I 
The Pauncz formulae, equations 3-37, 3-41,3-46, 
•• 3-50 
were used to calculate the integrals (W( 1 J.-J J ASH lI'r 7 
- . 
and L 'h, I As., l}1." "Ii th sui table coefficients in 
the expansion 
•• 3-51 
46 
We used the terms for which i = 1 and i : 0,( and 
,the comparable interchanges of spin, i = n, and i = n-l ), 
,denoting permutation of one or no J.. spin electrons 
amongst the ~ spin ones, (and n or n-l ). All other 
terms were anpihilated by setting GtS,i) for 
n-1 ?, ? 1· equal to zero. 
For the terms (q,!1 H J A~, 4'!yand L\f1 lA's .... , tf!iJ the 
"integrals were calculated dir(!ctly betl'v'een Slater 
determinants in which the required numbers of 
~- spin electrons had been permuted amongst 
the p,. ones, with a maximum number of one, for 
annihilation. 
iii) 
Projected and Unprojected NPSO 
Here a further approximation was used, in place of 
annihilation, to investigate how close to that of 
equation 3~50 an approximate energy can be calculated, 
with, optimistically, a good reduction in computing 
time. The fully spin projected formula was used for 
the single determinant terms; whereas only the first 
and last terms in the expansion 3-51 were included 
from the term I.. "'11 H IOj \1'6 7· 
•• 3-52 
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iv) 
Projected and Annihilated NPSO • 
. Again the fully projected formula was used for the 
single determinant term. The annihilation procedure 
was used for the cross term between the two 
. . 
.determinants; 1. \1'1' H I O~ lt1i 7 was reduced to 
<. 'h I E-t , As.. Q;97 
Hopefully the results of this calculation should 
be near to those expected for complete projection. 
/ 
•• 3-53 
All four approximations were applied to the azulene 
molecule. 
IV. AZULENE. 
IV.l:lntroduction. 
Since the previous NPSO calculations on hydrocarbons 
have been on alternant systems it seemed natural to 
try to extend the method to a non-alternant system. 
Pauncz and his co-workers(71) have investigated, 
quite thoroughly the application of a comparable 
DODS method, the AMO method, to azulene. This work 
uses their integral values, and the same geometry, 
so that a direct comparision of their results, with 
ours, is possible. 
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IV.2: The Alternant Molecular Orbital Method. AMO. method. 
The AMO method is a DODS method, originally proposed 
for alternant hydrocarbons. It was Slater;(72) who 
originally suggested that electrons having 
different spin, in alt~rnant systems, may be in 
orbitals localised on different 3toms. 
For alternant hydrocarbons, the Httckel molecular 
, 
orbitals are paired, such that a bonding MO, t~, of 
i.s m Ai," etl P!I ~ 
energy cL - X,i (h an anti-bonding 
.-
MO, tz: of energy c( -t "i P . (Here cl ~ 4't,.IHtl't( ~ 
and ~ ~ '1(' f""tM J ~$ ? .) Using equation 3-27, 
any set of orthonormal orbitals can be paired. The 
AMO method combines these paired orbitals to form new 
~ 
localised AMO's, al'lernant molec:{far orbitals. 
49 
From and the new orbitals u. and v. are 
~ ~ 
formed thus, 
•• 4-1 
o~ &~{'jj'-
These orbitals satisfy equation3-27 such that 
then the AMO's are the original 
doubly occupied MO's. 
If c/. electrons are assigned to the u. 
~ set 
•• 4-2 
and P electrons to the vi set we can form a 
determinantal wavefunction that has different spatial 
orbitals for different spins.This wavefunction must 
be spin projected to bring it to a pure spin 
state. This projected wavefunction can be used to 
calculate the ~10 energy, using equations 3-37,3-41,3-46. 
This is, in fact, the."many parameter"AMO method; 
by setti"ng all t'l: e the AMO method can be reduced 
to a one parameter method. 
Although the method was originally developed for 
alternant hydrocarbons, it has now been extended to 
non-alternant hydrocarbon molecules. However the 
pairing needs special attention - it is not 
satisfactory to just pair the lowest MO with the highest, 
symmetry considerations must be taken into 
account.To give fUrther improvement in the results,-
transformations can be performed among the unoccupied 
orbitals, leading to what we will refer to as the 
"optimised ~1O method". 
IV.3: The NPSO Method. 
The geometry of the azule~e molecule is shown, with 
the numbering scheme, in figure IV-A. 
The NPSO wavefunction is constructed from the 
2p - pi orbitals, ')(~ , on the carbon atoms. 
For azulene there are ten pi-electr.ons, but eleven 
bonds. Since the NPSO one-electron bonds ~pan the 
bonding region, we have a choice as to which 
bonds to use. From the geometry, the 3 - 9 bond is 
50 
the longest, of length 1.483 R. It is almost comparable 
to the suggested sp2_ sp2 bond length, (73),of 
1.5 ~, so it was thought that the exclusion of the 
3 - 9 bond would not be too serious. Hence the 
NPSO wavefunction was written so as to span the 
bonds 
as 
(1 - 2), (2 - 3), (3 - 4), (4 - 5), (5 - 6), 
(6 7), (7 - 8), (8 - 9), (9 - 10), (10 - 1), 
-
A ( (1."'''~h)(1) .L(1) ('~J -tk 1.) (1),((1.) 
(iCstl''k.)CS) ~(3) (~1""k~)(+) ~(4) 
(~ .,.." 1,,,) (5) .l(i') (11 .,.. k ~J) (') ~(b) 
(1~ .,,"1,) (,) P(1) (111 ~ 1'11)(') PCI) 
(fi~ k }., )(q) ~(,) (1,1>" ~ ~, )(1') ~ (1 0) I 
•• 4-3 
where k is a variable parameter. 
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1 
Figure IV-A 
The geometry and numbering for the azu1ene molecule. 
As with benzene, a symmetry projection operator must 
be applied in order to give a waveftinction of the 
correct symmetry. 
The point group of the azulene molecule is C2v ,and 
the ground st~te belongs to t~e Al representation. 
This gives the- total wave function as 
where 
: A I ("1," 12,)(1) ~(1) ()4.t ~}J )C,.) PCl.) 
Cf4'),4- 1,,)(J) PC;) ex.,-t ~t~(f) P(4) 
S2 
•• 4-4 
( ~ l.t -11,,,)(5) ~(;) (k~1"1.s) ('" cl(,) 
(k.)4 ,f-~f) (1) oL(1) (~1 ,1 Y1 )(C) ole,) 
(K ~s.f ~~)(9) ~(,,). ("'1,,,~ ,¥, )(tD) oL(,") I 
Application of a sihgl'et projection operat.or 
gives a wavefunction w~th the correct spin 
properties:-
IV.4:Calculations. 
The atomic integrals used, those of Pauncz, are 
quoted in table IV-I. 
• 
•• 4-6 
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, 
Integral values for the Azulene molecule. 
~:::;:z:; 
. 
element coulomb overlap matrix element 
integral integral of the 
Hamiltonian. 
, 11 17.22895 1.0 
-70.7492 < • 
/ 22 -72.4425 
i 
33 -83.2369 
44 -74.6715 
55 -71.6832 
66 
-10 .4674 
12 9.07432 0.25052 -20.1577 
23 8.96533 0.24036 -20.6733 
34 9.11449 0.25387 -22.1346 
45 9.02452 0.24636 -20.1818 
56 9.10442 0.25302 -20.2111 
39 8.63228 0.21438 -19.3412 
13 6.15138 0.05438 -3.8090 
14 3.95910 0.00279 -0.1853 
15 3. 03072 0.00018 -0.0114 
16 2.75890 0.00005 " -0.0035 
24 5.55538 0.03147 -2.1182 
25 3.72081 0.00159 -0.1045 
26 3.10022 0.00023 -0.0151 
27 3.16400 0.00029 -0.0194 
28 3.81940 0.00203 -0.1362 
29 5.83321 0.04126 -2.9283 
2 10 5.80178 0.04008 -2.6557 
35 5.51863 0.03029 -2.1365 
36 4.41478 0.00682 -0.4765 
T'tr 11 
table IV-I, continued. 
element 
37 
38 
46 
47 
48 
57 
coulomb 
integral 
4.46132 
5.35313 
5.41308 
4.48563 
4.39903 
5.64088 
Table IV-I. 
overlap 
integral 
0.00739 
0.02531 
0.02706 
0.00770 
0.00664 
0.03432 
54 
matrix element 
of Hamiltonian 
-0.5209 
-1.8231 
-1.7912 
-0.5146 
-0.4536 
-2.2438 
As a reference energy, we calculated the molecular 
orbital energy, by equation 2-3, using the eigenvectors 
of the overlap matrix as molecular orbitals. We were 
unable to obtain exact agreement with the HO- energy, 
55 
or eigenvectors, quoted by Pauncz, (74) or Silberman, (71), 
so their values are also quoted. The eigenvectors of 
the overlap matrix are given in table 1V-2. 
We performed an SCF-MO energy calculation,using 
Roothaan's method, (see section 11-3). These results 
are also given, with the SCF-MO'sJ in table 1V-3. 
The AMO results are also quoted. The AMO method 
has been applied to azulene as a one parameter method, (75), 
a five parameter method, (75), and in its optimised 
form, (71), in which, in addition to the five 
parameters previously used, orthogonal transformations 
were carried out amongst the anti-bonding orbitals, 
using an iterative procedure. All results are given 
in table 1V-4. 
For the unprojected .calculations, using the NPSO 
method, we used a wavefunction that included interchange 
of spins in q" and ~ ; that is:-
•• 4-7 
where 
~ ... is given by interchanging the spins Off, , and 
~\V is given by interchanging the spins of '/'., • 
Eigenvectors of the overlap matrix for azu1ehe. 
atom no. 1 2 3 4 5 
molecular 
orbital 
1 0.2460 0.2572 0.3356 0.2230 0.1675 
2 -0.2870 -0.2324 -0.0943 0.1562 0.3569 
3 0.0 -0.1828 -0.2643 -0.4267 0.3062 
4 -0.4941 -0.2173 0.3285 0.2626 -0.1439 
5 0.0 -0.5298 -0.2520 0.1407 0.3378 
6 0·3945 -0.0580 I -0.3653 0.4762 0.1348 
7 0.0 0.3682 -0.2670 -0.3764 0.5353 
8 -0.7340 0.5887 -0.2026 -0.0535 0.2705 
9 -0.2371 0.2528 -0.2569 0.4418 -0.5676 
10 0.0 0.3172 -0.7186 0.4806 -0.2388 
Table IV-2. 
-----
6 
0.1499 
0.4285 
0.0 
-0.3736 
0.0 
-0.5312 
0.0 
-0.3538 
0.6260 
0.0 
"-
B2 
B' 2 
A2 
B2 
A2 
B2 
A2 
.B 2 
A2 
,A 2 
symmetry. 
,,', ".". , 
\J'1 
0-
SCF - LCAO Molecular orbitals for Azu1ene. 
atom no. 1 2 3 4 5 
molecular 
orbital 
1 0.0232 0.0645 0.2095 0.2738 0.3446 
2 0.0 0.1841 0.3242 0.3914 0.2990 
3 0.2620 0.2677 0.3427 0.0902 -0.2143 
4 0.5916 0.3018 -0.2952 -0.1941 0.1016 
5 0.0 0.4164 0.3505 -0.1517 -0.4090 
6 0.~983 -0.0729 -0.3549 0.4996 0.1355 
7 0.0 0.4476 -0.2188 -0.3961 0.4753 
8 0.6005 -0.4522 0.0714 0.2274 -0.4600 
9 0.0 -0.3778 0.6673 -0.4914 0.2622 
10 0.5186 -0.4522 0.3005 -0.3818 0.4299 
Table IV- 3 
6 
0.3853 
0.0 
-0.3433 
0.2490 
0.0 
-0.5568 
0.0 
0.5532 
O~O 
-0.4477 
symmetry 
I?2 
A2 
B2 
B2 
A2 
B2 
A2 
B2 
A2 
B2 
... '. ".,. , 
Vl 
'-l 
The annihilated NPSO energy was calcula·ted using 
equation 3-50; the projected and annihilated energy 
by equa~ion 3-53. The projected and unprojected 
calculation was performed using equation 3-52; here 
as in the unprojected NPSO calculations, we included 
interchange of . spins for If',, , the interchange of 
spins for ~ . being included through the use of the 
.spin projection operator. 
All minimum energy values, and corresponding 
k - values are quoted in table IV-4. 
IV.S: Results. 
The results show that, even without full spin 
projection, the NPSO method compares favourably with 
the AMO method. The simplest NPSO calculation -
unprojected NPSO - is appreciably better than the 
five parameter AMO calculation. The annihilated form 
of the NPSO method, (equation 3-50 ), gives a lower 
energy than the more complex optimised AMO method of 
Silberman. We thus conclude that the NPSO method 
successfully allows for electron correlation for 
azti.lene.· 
By considering the results of the various NPSO 
approximations, and the minimum values of k, we also 
suggest that equation 3-52 
L W, IH lOs lI'. 7 + L l/t, 't-f f "'" 7 - L\f, f H I l/'lJ 7 
~ ~., Os \f', 7 ... ~ ~ f l(!fI 7 - Lll'. I ""tI 7 
gives an energy that will be .a reasonable approximation 
to that of full .spin projection. On the basis of 
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Results of the energy calculations for Azulene • 
. _ ........ --
results quoted in e.V. 
method 
MO, using eigenvectors 
of the overlap matrix. 
Pauncz 1 
Silberman et al 2 
this work 
SCF - LeA 0-l-1 0 
1 AMO (1 parameter) 
1 
AMO (5 parameters) 
unprojected NPSO 
projected and 
unprojected NPSO 
optimized AMO 2 
'annihilated NPSO 
project~d and 
annihilated NPSO 
energy k 
-490.0192 e.V. 
-490.0606 e.V. 
-490.0134 e.V. 
-490.7623 e.V. 
-491.9428 e.V. 
-493.1266 e.V. 
-494.4050 e.V. 0.2555 
-495.2340 e.V. 0.2273 
-495.3652 e.V. 
-495.5472 e.V. 0.23 
-495.8820 e.V. 0.228 
If k = 0.25, the following results are obtained:-
projected and unprojected NPSO 
annihilated NPSO 
projected and annihilated NPSO 
Table IV-4. 
-495.2050 e.V. 
-495.5230 e.V. 
-495.8516 e.V. 
1 . 
reference 75, 
2reference 71. 
calculations on sever~l hydrocarbo~pi-electron 
systems ~mpedocles and Linne,tt (76) suggested that 
no serious errors would be introduced by putting 
k = 0.25; and that using-this' approximation it 
should be possible to write reasonably accurate 
NPSO wavefunctions for large .. hydrocarbon molecules. 
The energies of the various NPSO approximations quoted 
give further support to this idea. 
Perhaps here further comment should be made 
on the non-inclusion of the 3 - 9 bond, the bridge 
bond, in the NPSO wavefunction. Comparable calculations 
on naphthalene have been performed, (78). It was 
observed that the NPSO method results were not as 
good as those of even the one-parameter AMO method. 
The reason suggested for this, was the neglect of 
the 9 - 10, bridge bond in the NPSO wavefunction. 
With this in mind it might seem an anomaly that, in 
azulene, the bridge bond was not considered, and yet 
. , 
the method was very successful. However in naphthalene 
the 1 - 10 bond is comparable in length to both the 
1 - 9 and 2 - 3 bonds, both of which were included in 
the NPSO wavefunction. Whereas, as already noted, in 
azulene the bridge bond is considerably longer than all 
other bonds;perhaps the non-inclusion is not such a 
drastic assumption. 
This will be considered further, later. 
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V.ANTHRACENE AND PHENANTHRENE. 
V.I:lntroduction. 
Pauncz (85) said: Itcontrasting the NPSO method 
with the AMO'treatment, •••• 'the former ,surpasses 
the latter when applied to small molecules." We chose 
to ,try ,to eX,tend the NPSO method to larger systems -
phenanthrene and anthracene - and to compare the NPSO 
results for the~e systems with those from an AMO 
t,reatment. Parker and Memory (79) have reported 
AMO calculations on these molecules, but only in an 
abstract. We h~ve performed AMO calculations with 
the same integraL,values used in the NPSO calculations. 
Extending the NPSO method in this manner tests the 
suggestion of Empedocles and Linnett'further ,,·(76)., 
V.2:The NPSO Wavefunction. 
i)Anthracene: 
The geometry and numbering of anthracene is shown 
in figure V-A. The numbering is after Amos and 
Snyder, (42); the geometry that of Cruickshank 
and Sparks, (80). 
As previously the initial Slater determinant was 
built up from one-electron semi-localised orbitals 
centred on adjacent nuclei in the bonding region. 
The electrons were placed in these orbitals such 
that electrons in neighbouring orbitals had 
opposite spin. As with azulene, there are more bonds 
than pi-electrons and we had to decide which 
bonds to omit when forming the one-electron bonds. 
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Figure V-A 
o 
o 
cr-
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;' 
Figure V-B 
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~ denotes an 
electron of 
d spin. 
o denotes an 
electron of 
P spin. 
The arrangement _.::.f ~ __ ~r:d .. _.~_ spi~ e~::~~~~ 
in the one-electron orbitals, for anthracene 
,- -.----.--.---------~---.~-- ---"--
Despite the fact that the bridge bonds, (11 - 12) 
'~md (13 - 14) are only slightly longer than the 
(2 - 3) bond, they seemed the obvious candidates. 
Also, omitting t,hem means that proper alternation 
of spins is possible. Thus the pi-electrons were 
distributed as dn figure V-B, leading to a 
wavefunction of the form:-
lJt,= AI(1~-t~~t)")el(') (X,-rt11t){~) ~(z.) 
(1.1. -I'k l'D) ('j' ,I.(L) (7"l'*' k1',) (4-) cl (.) 
( 1-(' '" kr1) ($) cl(5) (-x.~ f 1'1,.,) (,,) oC (,) 
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(1" f ~ 1/1) (1) J{~) (~1-tt~3)(" P (8) 
('1If~ "I',z,)(,)P(9) (1,of "7\,,,){tD) f('(1) 
('):s-t "1,,)(')13(") (~,fJ4. ~6 ) (.t) f(.t) 
V~/If.f k 7\~) ('1) f(I~) (-,e" +",}. )(I+)f(,q.) I 
The point group of anthr~cene is D2h ; the ground 
state b~19ngs to the A1g represen~ation. Applying 
the correct syn~etry projection operator to 
equation ,-1 gave the NPSO wavefunction as:-
where 
•• 5-1 
•• 5-2 
4'1&1 is obtained 
\flv is obtained 
from th by interchanging 01 and fj spins, 
• 
and 
from "I by interchanging cl and G spins, ifu t 
/ 
! 
and where 
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A I(1q -t kJ:J(,)d.(,) (-,c~ ~/ )(t.) .,((t-) 
(XII -tk14)(;) J.(3) (¥/~ ~ 1')(~)(+) c!(q,) 
('Y1i krb){') ole)) (r:;,f k'""1,~)(') 0((6) 
( 1"0 .f"r,~) (i)d(7) ('t" -I" H) (s) f{~ 
( '}Cg t k "'f/Il) 0)~m ('fTf k r.)(/o)f(' 
(1, f 1(':1)(1.) fC,,) ('}( J t It. X.) (c%.) peat.: 
(1'1 f k,1,,){t3) 1(3) (-,r,;", k 1-; )[,'1-) fr.q~ 
The ~avefun'ction lJ1. is unchanged by replacing k 
with 1/. 
k 
To obtain the total wavefunction, with correct 
spin properties, a singlet projection operator 
was applied to equation 5-2, to give 
',' 
". I. 
Again, ~ •• and If,<4 are included in ~5 through the 
spin projection operator,()O 
ii)Phenanthrene: 
The geometry and numbering used for phenanthrene 
are given in f'igure V-C. The numbering scheme is, 
•• 5-3 
• .5-4 
again, after Amos and Snyder, (42). The original. 
intention was to use the experimental geometry, (81 ), 
but because of the large number of distinct. 
internuclear distances computation of the integrals 
became an unwieldy task. Hence a regular geometry, 
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Figure V-C 
The nU01berin~ scheme for phenanthrene. 
/ 
of bond length 1.4 R and bond angle 1200 , was 
assumed. 
. 
The assumed geometry means that the bridge bonds, 
(13 -14) and (11 - 12) are the same length as all 
other bonds - but again we chose to omit these 
bonds when forming one-electron bonds. Hence, when 
distributing the pi-electrons, before setting up the 
initial Slater determinant, it is possible to 
alternate the spins such that each c{ electron is 
surrounded by electrons of ~ spin, and vice-versa; 
as in figure V-D. 
The initial NPSO determinant was set up as 
A' I (~, .,..Il)',,) 6) 0((.) (1,o.J k y~ )(t) ~ (2) 
(,c.,.,. ... ,,~,)(»~~) (~., ... ~7C~)(4' J(4) 
"",..f kl'/;)(;)e!{5) (?"1-,,,t4-)(" J{" 
()C, -f t'h)(1) ;'(7) (~z4 k)(, )(s) f(g) 
(1" J. k 7<ltI)~' p(9) (']Cit -t-k)[,4-) (,,,) ~(/~) 
()" .f l 1'1 )(11) ~(t/) (]-6 -I k '](~) (IL) ~{i:J,' 
(-,cIS'" k. ~"J QJ) jJ{t~) {o7\ +-k 7'3 ) (14'f6t) r5-5 
The point group of the phenanthrene molecule, with 
the assumed geometry, is e2v ; the ground state 
belongs to the Al representation. 
Applying the symmetry projection operator gave the 
NPSO wavefunction as: 
•• 5-6 
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" . 
denotes an electron 
o of'" spin 
Figure V-D 
o denotes an electron 
of P spin 
The arrangement of~ an~~ sp_~~_electrons 
in onG-elect~on . orbitals, f?r phenanthrene. 
----------.--.-~-- -. ---_.- ~---.... --~~----.---- ---..-,..~--.-.-~-~------------
where ~n = AI (1C)C, ... J',.)6)ol(l) (""'Df'"Xq)(~)c{[L) 
(,,')t'ff +~8){~)cl(3) (kt<1 +"f,,)(4)cl('f) 
(""/,.f f-13)(i)ot(s) (~-X'l." (C",) a) oZ (b ) 
(" ~j ". k) (1) 01(1) (k'--X~ f '},) (1) f3(f) 
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( " 111 4-~ I~ ) (,)(3(,) rk'fet f te, if) (I~) f(If;) 
(I'. ,c, + "(.7 )(1') /3(,,) ("fCc, 1 ~S' ) (It.) /3 (II.) 
/ (kl"J f)(fJ)(~)?{I3) (k.'/tfl- ~1)(14)P(I1-) 
•• 5-7 
A pure singlet state is given by 
•• 5-8 
-'. '. 
V·.3 : The Ca lcula tions • 
. i) Anthracene: 
The integrals used were calculated so as to be 
analogol~s with those used previously. The one-
electron integrals' and coulomb integrals were 
calculated by the method of Ruedenberg, W2) - see 
Appendix I. All overlap integrals were included. Exact 
overlap integrals were used, but the orbital 
exponent used in these calculations was the 
value quoted by Ruedenberg. The Mulliken approximation, (83), 
was used for all the remaining two electron integrals. 
The integr~ls are given in table V-I. 
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Integral values for Anthracene, calculated 
-.-~---~-----------~------ ---
using Ruedenberg's approximations~ 
element coulomb overlap matrix e1emen' 
integral integral- of the 
Hamiltonian 
11 17.2270 3 1.0 -83.88960 
22-
-79.15477 
99 -90.59952 
11,11 
-96.72070 
12 9.18952 0.26030 -23.56937 
13 5.65468 0.03483 -2.62129 
14 4.91833 0.01481 -1.15044 
15 2.50407 0.00001 -0.00109 
16 2.20557 0.0-'-': -0.00008 
17 2.31714 0.0 -0.00030 
18 2.87344 - 0.00009 -0 .• .00715 
19 5.54984 0.03132 -2.53826 
1,10 3.76018 0.00176 -0.14230 
I,ll 8.85263 0.23232 -22.81618 
1,12 5.56341 0.03176 -2.64880 
1,13 3.32385 0.00051 -0.04245 
1,14 3.75078 0.00172 -0.14301 
23 8.93497 0.23908 -20.98533 
26 1.92548 0.0 ~O.O 
27 1.96114 0.0 -0.0 
29 3.79053 0.00189 -0.14874 
\. 
2,10 3·35532 0.00056 -0.04426 
-Table V-I. ••••• continued. 
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Integral values for- anthracene, continued. 
" 
element coulomb overlap matrix elemen" 
intepra1 integral of Hamiltonial 
2,11 5.63751 0.03424 -2.77210 
2,12 4-.92206 0.01488 -1.20505 
2,13 2.80524 0.00007 -0.00543 
2,14 2.91988 0.00011 -0.00907 
9,10 4.94100 0.01529_ -1.28839 
9,11 9.03344 -0.24723 -25.16755 
9,12 5.61645 0.03352 -2.90761 
11,12 8.89122 0.23548 -24.48094 
11,13 4.91443 0.01473 -1.31220 
11,14 5.63181 0.03404 -3.03288 
- -
Table V-I. 
As previously, we calculated the molecular orbital 
energ'Y.,. using ;the eigenvectors of the overlap 
matrix as initial MQ's,(table V-2), and the SCF-LCAQ-MQ 
energy by Rooth~an's method. The SCF-MQ's are 
given in table V-4. We carried out NPSQ calculations 
to the two degrees of approximation previously 
discussed. We calculated the unprojected NPSQ 
energy and the projected and unprojected energy, 
(equation '3-52)., since we have suggested, that this 
energy is near to that obtainable from a fully spin 
projected wavefunction. 
Since the only previously reported calculations 
within the AMQ framework used different integrals, 
we performed a one parameter AMQ calculation, using as 
starti~g' orbitals both eigenvectors of the overlap 
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matrix, and SCF-MQ's. The results are given in table V-3. 
We tried to reproduce the results quoted by Parker 
and Memory, (79)~ They used an assumed geometry, 
bond lengths all 1.4 i 0 and angles 120., ithey 
neglected all overlap integrals, except nearest 
neighbours, and also included only the Hamiltonian'elements 
between neighbours. The integrals used are given in 
table V-5. With these approximations we also performed 
a MQ calculation, using eigenvectors of the complete 
overlap matrix, (quoted in table V-2 ), as MQ's, and 
an unprojected NPSQ calculation, equation 3-49. The 
results are given in table V-6. 
Eigenvectors of the overlap matrix, for Anthracene. 
atom nos. 1,4,5 2,3,6, 9,10 11,12, symmetry. 
& 8 • & 7. 13 & 14. 
molecular 
orbital 
1 0.1688 0·.1330 0.2320 0.2692 S1S 2 
2 -0.2366 -0.2530 0.0 -0.2023 SlA2 
3 -0.1483 -0.3343 0.2335 0.1576 S1 S2 
4 -0.2479 -0.1093 0.3475 ~p.2364 A1S 2 
5 ~0.3728 -0.1998 0.0 -0.1725 AIA2 
. 6 -0.0216 0.30 16 0.0 -0.3520 S1A2 
7 0.2958 0.2258 -0.4249 0.1023 A1A2 
Table V-2. 
I 
.. 
'-l 
W 
Energy results for Anthracene. 
all energies are quoted in e.V. 
method energy k 
MO 
-776.3566 e.V. 
(eigenvectors of the 
overlap matrix) 
SCF-LCAO-MO 
-777.2444 e.V. 
AMO 
-776.9827 e.V. ~. 0.927 1 
(eigenvectors of the 
overlap matrix) 
Az.m (SCF-MO) 
-777.38.10 e.V. ~~ 0.971 
unprojected NPSO 
-781.1359 e.V. 0.215 
unprojected and 
-782.0769 e .• V. 0.2 
projected NPSO .. 
If k = 0.25 the following results are obtained:-
unprojected NPSO 
projected and 
unprojected NPSO 
Table V-3. 
-781.0380 e.V. 
-781.8578 e.V. 
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5CF - LCAO molecular orbitals for Anthracene. 
atom nos •. ' 1,4,5 2,3,6 9,10 11,12, 'symmetry 
& 8. & 7. 13, & 14 
molecular 
orbital 
'1 0.1312 ,0.1004 0.2338 0·3034 51 S2 
2 0.2174 0.2378 0.0 0.2403 Sl A2 
3 0.2237 0.1301 . 0.3253 0.2666 Al S2 
4 -0.1905 -0.3384 0.1585 0.1520 Sl s2 
5 -0.0786 -0.2767 0.0 0'.3685 Sl A2 
6 -0.3563 -0.2358 0.0 -0.1638 Al A2 
, 
7 0.2983 0.2384 -0.3926 -0.1302 , Al 52 
Table V-4. 
"-l 
V'l 
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Integral values for anthracene, (Parker and Memory). 
-----------.. ------
element coulomb overlap matrix e!lement 
integral integral of the 
Hamiltonian. 
11 17.22703 1.0 -84.40063 
22 
-79.12024 
33 -90.98039 
11,11 -97.77918 
12 9. 02847 0.24682 -22.36429 
13 5.56114 0.0 0.0 
14 4.94787 0.0 -0.0 
15 2.54484 0.0 -0.0 
16 2.22656 0.0 -0.0 
17 2.33896 0.0 -0.0 
, " 
18 2.92895 0.0 ' , -0.0 
1,10 3.80018 0.0 -0.0 
2,10 3.36759 0.0 -0.0 
2,13 2.81686 0.0 -0.0 
36 1.96697 0.0 -0.0 
37 1.93193 0.0 -0.0 
1,11 9.02847 0.24682 -24.43959 
9,11 9.02847 ,0.24682 -25.25160 
11,12 9.02847 0.24682 -25.86323 
23 9.02847 0.24682 -21.71264 
Table V-5 
/ 
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Energy results for anthracene, (r;arker and Hemory data). 
all energies are quoted in e.V. 
method energy k 
MO 
-778.7144 e. V. , 
AMO 
-778.7913 e.v. ~ = 0.979 
unprojected NPSO -784.4300 e.v. 0.2075 
'. I. 
Table V-6. 
ii)Phenanthrene: 
Again the integrals were calculated using 
Ruedenberg's methods and the Mulliken approximation. 
The integrals are quoted in table V-7. 
Calculations. corresponding to those for. anthracene 
were performed. The results are given in tables V-8 to 
V-IO. Again we tried to reproduce Parker and Memory's 
results - this time with more success. The results 
> 
are given in table V-12, with those obtained from 
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a MO energy calculation and an·unprojected·NPSO 
calculation. The integrals used are given in table V-II. 
V.4: Discussion. 
For both phenanthrene and anthracene the one 
parameter AMO method lowers the energy from the MO 
energy by only a small amount - less than an 
electron volt, (e.V.), in ·each case. Using the 
SCF-MO's as starting orbitals worsens the situation -
here the energy lowering is less than 0.24 e.V •• 
Two pOBsible reasons for this have been suggested,(84)' 
A single parameter may be too restrictive; but a 
seven parameter method would be difficult to perform. 
Also, it may be necessary to perform unitary 
transformations amongst the anti-bonding orbitals 
before forming the AMO's. Pauncz has discussed 
at some length, (67), the choice of startin~ orbitals·' 
and he stated that the best criterion for the 
choice of molecular orbitals "should be decided 
soley on the basis of the final AMO calculation; 
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Integral values for Phenanthrene, (Ruedenberg) • 
element coulomb overlap matrix e1emen" 
integral integral of the 
Hamiltonian. 
11 17.22703 1.0 
-84.40063 
22 
-79.96897 
33 -81.13376 
44 -88.42458 
99 -87.27489 
11,11 
-97.77918 
12,12 -101.48468 
12 9·02847 0.24682 -22.46904 
13 5.65114 0.03470 -2.65698 
14 4.94987 0.01545 .-1.23935 
15 2.92895 0.00012 -0.00938 
" " 
16 2.33896 0.00001 -0.00038 
17 2.22656 0.0 -0.00015 
18 2.54484 0.00002 -0.00133 
19 3.80018 " 0.00194 -0.15425 
1,14 3.36759 0.00059 -0.04912 
25 2.81686 0.00007 -0.00554 
27 2.04316 0.0 -0.0 
23 -22.06587 
34 -23.10938 
4,12 -25.39348 
12,13 -26.77782 
12,11 -26.32052 
10,11 -24,.79430 
••••• continued 
~rab1e V-7. 
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Integral values for phenanthrene, continued. 
element , coulomb overlap . matrix element 
integral integral of Hamiltonian 
10,9 
-23.72538 
i,11 
-24.43959 
1,10 
-2.76354 
1,12 
-2.97813 
1,13 -0.166~2 
24 -2.70659 
26 -0.00015 
29 -0.00906 
2,10 -0.14996 
2,11 -2.83693 
'\ 
2,12 ~-1.29178 
.. ,
. -0.04891 2,13 ~ -..... 
2,14 -0.00580 
35 -0.04597 
36 0.00127 
39 -0.00554 
3,10 -0.0456·3 
3,11 -1.27215 
3,12 -2.92144 
3,13 -0.16306 
3,14 -0.00963 
45 -1.27044 
49 -0.04776 
4,10 -0.15814 
4,11 -2.98366 
•••••• continued 
Table V-7. 
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Inte~ra1 va1~es for ph~?anthr~~~ continued. 
element coulomb overlap matrix element 
integral integral of Hamiltonian 
4,13 -3.04795 
4,14 -0.16653 
/ 9,11 -2.96371 
9,12 -1.34822 
9,13 -3. 0 2800 
11,13 -3.17830 
11,14 -1.38651 
". \. 
Table V-7. 
~---
\ 
Eigenvectors of the overlap matrix for phenanthrene 
atom nos. 1 + 8 2 .± 7 3 ± 6 4 .± 5 9 ±10 11 + 14 
molecular 
orbital 
1 0.1629 0.1250 0..1301 0~1825 0.1925 ~0.2626 
2 -0.2637 -0.2643 -0.2449 -0 .• 2019 0.0796 -0.2378 
3 -0.0067 -0.1955 -0.2836 -0.2391 0.3834 0.1918 
4 -0.2996 -0.3405 -0.1354 0.1761 -0.0957 -0.0354 
5 -0.2348 O~0996 0.3401 0.2700 0.1741 -0.3511 
6 0.2327 0.3752 0.0313 -0.3436 0.1122 ·-0.2004 
7 0.3200 0.0265 -0.3142 -0.2085 -0.3943 0.1625 
, ~ 
-' , , . 
Table V~8 
12 ± 13 
0.2973 
-0.1464 
-0.0608 
0.3517 
-0.0331 
-0.2884 
0.1908 
. symmetryv;': 
(s or a~ 
s 
a 
s 
s 
a 
a 
s 
00 
N 
-----
'-
SCF-LCAO molecular orbitals for phenanthrene. 
atom no. 1 ± 8 2 ± 7 3 ± 6 4 ± 5 9 ± 10 11 + 14 
molecular 
orbital 
1 0.1653 0.1321 0.1327 0.1613 0.1368 0.2900 
2 0.2385 0.2337 0.2096 0.1874 ~0.0681 0.3078 
3 0.0021 -0.2007 -0.30 80 -0.2197 0.3509 0.2356 
4 -0.2706 -0.3371 -0.1361 0.1297 -0.1517 -0.0314 
5 0.1281 -0.1750 -0.3630 -0.2473 -0.1049 0.3930 
6 0.3050 0.3441 -0.0084 -0·3380 0.0442 -0'.0998 
7 0.3057 0.0642 -0.2684 :::'0.2427 -0.4338 0.1760 
'--
Tab1eV-9. 
12 ± 13 
0.3124 
0.1953 
-0.0502 
0.3800 
0.0886 
-0·3367 
0.1228 
symmetry 
(s or a) 
s 
a 
s 
s 
a 
a 
s 
00 
w 
Ene~gy results for Phenanthrene, (Rqedenperg data). 
---------- ._-----------------
all energies quoted in e.V. 
method energy k 
MO -787.2687 e .V. 
(eigenvectors of 
overlap matrix) 
·SCF - LCAO -MO -788.2206 e.V. 
/ 
AMO -788.0756 e.V. 1= 0.92 
(eigenvectors' of 
overlap matrix) 
AMO (SCF - MO) -788.2891 e.V. ~= 0.98 
unprojected NPSO -792.1193 e.V. 0.2148 
projected and 
-793. 0 594 e.V. 0.2 
unprojected NPSO 
- , 
If k = 0.25 the following 'results are obtained:-
unprojected NPSO 
projected arid 
unprojected NPSO 
-792.0214 e.V. 
-792.8408 e.V. 
Table V-IO 
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Integral values for phenanthrene, (.arke~_~nd Me.f!l:2!:y.1.. 
element coulomb overlap matrix element 
\ 
• integral integral of the 
Hamiltonian. 
11 17.22703 1.0 
-84·40063 
22 
-79.96897 
33 -81.13376 
44 -88.42458 
99 -87.27489 
11,11 
-97.77918 
12,12 
-101.48468 
12 9. 0 2847 0.24682 -22.46904 
23 9.02847 0.24682 -22.06587 
34 9.02847 0.24682 ':"23.10938 
4,12 9.02847 0.24682 -25.39348 
11,12 9.02847 0.24682 -26.32052 
12,13 9.02847 0.24682 -26.77782 
10, I!. 9.02847 0.24682 -24.79430 
10,9 9.02~47 0.24682 -23.72538 
1,11 9.02847 0.24682 --24.43959 
Table V-II. 
/ 
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En~_~ results for phenanthrene, (Parker and.·ltlemory data). 
all results are quoted in e.V. 
method 
MO 
AMO 
unprojected NPSO 
energy k 
-786.0876 e.V. 
-791.7803'e.V. 
-791.3210 e.V. 
Table V-12. 
I' = 0.682 
0.208 
the lower the final minimum, the better the choice 
of molecular orbitals." . 
For both molecules the two NPSO wavefunctions 
give good energy lo.werings, and, as expected, 
that of the projected and unprojected wave function 
is the larger. Here, perhaps,non-inclusion of 
the bridge bonds - although comparable in length to 
the other bonds in the molecules - is not so critical 
as is the choice of molecular orbitals for the AMO 
method. 
Both sets Qf calculations support Empedocles 
and Linnett's suggestion (76), since the minima are 
very Glose to k = 0.25. 
The results of the calculations using Parker 
and Mem.ol'Y' s approximations appear to conflict. We 
were not able to reproduce Parker and Memory's 
res~lts for anthracene. They quoted a lowering of 
5.85 e.V. with a variable parameter,~ , equal to 0.676; 
whereas we obtained a lowering of less than: 1.0 e.V. 
with a mixing parameter of A = 0.979. For 
phenanthrene we did reproduce P~rker and Memory's 
results. For both anthracene and phenanthrene the 
unprojected NPSO wavefunction gives an energy minimum 
at k ~ 0.208, and an energy lowering of about 
5.5 e.V. For anthracene this is considerably 
greater than the AHO lowering we obtained, (but not 
Parker and Hemory's); whereas for phenanthrene 
the !MO energy is slightly lower. Since the relative 
performances of the NPSO method and AMO method, for 
phenanthrene varies, depending on the integral 
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approximations used, this would suggest that either, 
or both, of the methods may be sensitive to the integral 
"approximations used~ We shall go on to consider 
this further - for the benzyl radical. 
VI. TIlE BENZYL RADICAL. 
VI.l:Introduction. 
The benzyl radical is to the theory of neutral 
hydrocarbon radicals, as benzene is to that of conjugated 
hydrocarbons. Since it is relatively easy to produce, 
(86),it has been well studied experimentally, (87). 
Being an alternant hydrocarbon, simple as well as 
more sophisticated theories have been applied to it. 
The electronic structure of the benzyl radical has 
been studied, amongst many methods, by the valence 
bond, VB, method, (87),(88), the Huckel molecular 
orbital, IDlO, method, (87), the UHF method, (89), (42) 
I 
and the SCF-MO-CI method, (<)0), (87), (91). Here the 
NPSO method and the AMO method are applied to it. 
The radical was assumed to have a regular 
geometry of bond length 1.4 R and bond angle 1200 • 
The numbering,that of Amos and Snyder,(42), is 
shown in figure VI-A. 
VI.2: The NPSO Wavefunction. 
Here there is some complication; for there will 
always be two electrons of the same spin in adjacent 
semi-localised one-electron orbitals. 
See, for example figures VI-B, VI-C,VI-D. 
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, 
5 
+ 
Figure VI-A 
The numbering of atoms for the be!lzyl radical. 
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I 
/ 
o 
X denotes cI. spin electron 
" denotes f spin electron 
Figure VI-B 
The electron spin arrangement for the Benzyl radical 
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o 
o 
denotes c4 spin electron 
o denotes ~ spin electron 
Figure VI-C 
the electron spin arrangement for the Benzyl radical 
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o 
o 
denotes spin electron 
o denotes spin electron 
Figure VI-D 
the elec lrOIl spin ~\rrd.ngemeIll for the Benzyl radical 
94 
There are also two possible ways of constructing 
the initial NPSO Slater determinant . 
. lY,{A) ~ A I (1,-t'''11.}Cc) ~(.) (l-z ....-k.1'q;)(t-)elb,) 
( 1, f "1 ¥ l) J. (;) ( )(, ;f k 11) (If) ol (~) 
(114-" 1;)(~) P(f) ()[1I-t~1C;)(6) P(~) ~ 
C;(6+11,){1) 13(1) J •• 6-1 
or 
lh (6) .. A I (1', ..-lnC1.) (.) 04(1) (lC3.f I: "I)( .. ),,((t) 
(is ~k "X",.) (~) p((;) ("!.r ". k -X, ) (f)ol(lf) 
(~2 -t k 13) C$') P(s) Crf .,. ~Xf )(,) P~) 
(1, f k7C,) (7) fer) J 
•• 6-2 
To both we must apply a symmetry projection operator. 
The benzyl radical has point group C2v ' and a doublet 
ground state belonging to the B2 representation. 
Thus 
•• 6-3 
and 
•• 6-4 
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where 
£/',,(A) ,. A /Ci"tkit.)(I)d(l) (X5tJ:}.Jb)J(~) 
(~3+k1'~)($)ol(3) (~, +"11)(4)0£(4) 
(1~.f "1,) (5) ~(S) .. 6-5 
(~lft "'(3)((,) ~(b) (~h -I ~1, )(1) "(1) I 
and > 
~I (S) ,. A I (}, .rkl'b)O)J·(i) ('Xs-t "1/f) (2) ~(2.) 
(13 tl,c2.)(3)ol(~) (11 -t ~,) C+)J.(tt) 
("2.'" ~ 1',) (;) ~(5) 
('flft ""6)(') ~M ("k.fIC)Cs)(7) f~~ J 
The final NPSO wavefunctions, with correct spin and 
symmetry properties, can be obtained from equations 
6-3 and 6-4, by the application of a doublet spin 
projection operator; to give 
•• 6-7 
and 
•• 6-8 
VI.3: Calculations. 
Methods of calculation 
il T~e NPSO method. 
As previously the various NPSO \'1avefunctions 
were used as approximations to the fully spin projected 
wavefunc'Lion, ( equations 6-7 and 6-8 ). Both 
equations 6-3 and 6-4 were used to perform unprojected 
NPSO energy calculations. Here the total energy, E, 
was calculated using, for l'l'avefunction lJ'A , 
£:: ·~lJav,)J,.,J th(It)7 ~ ~4',(A)' ... I4-t,(A)7 
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<. \}" (A) J tV. (A) 7 + <: q,. f;\) 1 \}'a, (Il) 7 •. 6-9 
and the comparable equation for the wavefunction lYs. 
We also performed calculations analogous to 
those previously mentioned - and named annihilated NPSO, 
projected and unprojected NPSO and projected and 
annihilated NPSO methods. 
However the benzyl radical is an open shell system; 
thus it is necessary to use the Harris formulae, ( 6~, 
for calculation of the energy for a projected single 
•• 6-10 
where 
£(1) denotes the expectation value of the one-electron 
part of the Hamiltonian, 
S .... MJ ' (. :: +$" 2:. 'l (_d-JAs .. k -J X 
" 2S + I\~ 2. .. 6-11 j ~c - f r (S :M$ ) (::.,. Ms , ) ( -1 ~ ,5 y'-} 
L ~ J' '~-Ms-J h.,l+J-~J-' 
and 8 IS ~ 1J I'd~ 
" " where the sum is over all i, with k interchanges; and 
the subscript ({) in L)~ denotes that the only 
interchanges involved are not those containing the 
electron t . 
The expectation value of the two-electron part of the 
. Hamiltonian is given by 
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E(1) :: ~ f :v:'" u e,., I h I ~,..., -a,../ k 11U.e. 7j 
,.,~ 1. e~'1 . . .6-12 
np m .. 1 . 
-I- ~ [ ]~m[{t'rn'Jt;lt'f~'/ -<l'M'lhlf~'.t~] 
Ms., t~ I 
n" ~ , I I I 
+ ~ G [ ~;'" (.i '"' I h /lll';> + Jt,.. C:,{M hi"" £~ 
t~' Itt '- I 
+ t f2":D~", [,\~ (.::£1"' ~ /1(>\'7 -
l~' ~~, . <.t "'" I" I",' t ) ] 
118 f11 ... 1 
f ll2 ( J) t:' ';\L A,\\ k .t",( h It~.':7 - L tiM \1\ I ",,'t' 7) 
~~2 t~' . 
.J.- ~.L~M (D~( e'.,.I~ ll~') -t- JIMLt'"", 1 ~lr),t.£{~ 
-, , 
(Orbitals t and t are paired, as areM and",.) 
•• 6-13 
ii) The NO method. 
As previously we calculated the LCAO-HO energy, 
for reference, using the eigenvectors of the 
overlap matrix as molecular orbitals. The NO energy 
of an open shell system is gi~en by 
(using" previous notation) 
" 
-E ~ ~ 
98 
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iii) The SCF-NO method. 
There are two possible methods of calculating an 
LCAO-SCF-NO energy. Both the RHF method of Roothaan, 
(equation 2-15) and the UHF method of Polpe and Nesbet 
(equations 2-18 to 2-23) were used. 
iv") the AMO method. 
The only previously reported calculation on the 
benzyl radical, using the AMO method is that of 
Vincow and Johnson, (92). Here the best wavefunction 
was obtained by criteria other than energy minimisation. 
Thus a one parameter MIO calculation, using eigenvectors 
of the overlap matrix as initial MO's, was performed. 
The MlO' s were set up as 
•. 6-15 
where u i and vi are the AMO's containing, 
respectively, ol and~ electrons; 
'~i denotes :the initial molecular orbitals, 
and ~ is a variable parameter. 
u i ' if,i = 4, was equal to th~ non-bonding MO; thus' 
99 
•• 6-16 
-Apptication of a doublet spin projection operator to 
the determinant 
•• 6-17 
gave a suitable wavefunction, such that it was possible 
to use equations 6-10and 6-12 to calculate the ~10 
energy. 
Initially the same inte'gJ;'~l approximations were 
used in this work as previously - see appendix I. 
The one~e~ectron, two centre and overlap integrals 
were calculated by Ruedenbergts method. The 
Mulliken approximation was used for the remaining 
two electron integrals. The values are listed in 
table VI-I. 
VI.4: Results and Discussion. 
Table VI-2 contains the eigenvectors of the 
complete overlap matrix. Tdbles VI-4 and YI-3, respec1::iv~ly, 
contain t.he UHF and RHF LCAO":SCF-1>10 , s for the integral 
approximation "Ruedenberg core, Mulliken approximation". 
Although the RHF and UHF SCF-MO energies were 
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Integral values for the Benzyl radical,(Ruedenberg) • 
.. element 
11 
22 
33 
44' 
77 
1 
12 
13 
14 
37 
47 
17 
23 
24 
25 
26 
27 
34 
35 
36 
coulomb 
integral 
17.22703 
17.22703 
17.22703 
17.22703 
17.22703 
9.02847 
5.65114 
4.94988 
3.79954 
3.36759 
Table VI-I. 
overlap 
integral 
1.0 
1.0 
1.0 
1.0 
1.0 
0.24682 
0.03470 
0.01545 
0.00193 
0.00059 
matrix element 
of the 
Hamiltonian. 
-70.47628 
-64.63525 
-62.78366 
-62.35171 
-53.50875 
-18.24818 
-2.01110 
-0.89211 
-0.10043 
-0.03026 
-17.17910' 
-17.60287 
-1.94500 
-0.86935 
-1.98463 
-1.83431 
-17.32106 
-1.92037 
-0.86935 
Eigenvect0l"s __ of the overlap matrix for the benzyl radical. 
_._-----
atom nos. 1 2 ± 6 3 ± 5 4 7 symmetry 
(s or a) 
molecular 
orbital 
1 0.3756 0.3188 0.2872 0.2778 0.1892 s 
2 -0.4348 -0.1046 0.3Q08 0.4765 -0.4016 s 
3 0.0 -0.4571 -0.4571 0.0 0.0 a 
4 -0.0454 -0 . .3901 0.0138 0.4102 0.7599 s 
5 0.0 0.5836 0.5836 0.0 0.0 a 
6 -0.6208 0.1333 0.4357 -0.6785 0.4503 s 
7 -0.7017 0.5519 -0.4725 0.4504 0.2989 s 
Table VI-2. 
i-' 
o 
i-' 
RHF _ SCF - LCAO molecular orbitals. 
atom nos. 1 2 ± 6 3 ± 5 4 
molecular 
orbital. 
1 0.4681 0.3134 0.2791 0.2637 
2 0.S537 0.1437 -0.3172 -0.5293 
3 0.0 0.4377 0.4760 0.0 
4 -0.0786 0.2547 0.0015 -0.1745 
5 0.6('("12 -0.3685 -0.2855 0.6333 
6 0.0 -0.5983 0.5683 0.0 
7 -0.4782 0.5173 -0.5711 0.5954 
Table Vl-3. 
7 
0.0147 
0.0306 
0.0 
-0.9226 
-0.4182 
0.0 
0.1985 
synunetry 
( s or a) 
s 
s 
a 
s 
s 
a 
s 
)-oJ 
o 
t..:> 
UHF - SCF - LCAO molecular orbitals. 
atom nos. 1 2 ± 6 3 ± 5 
molecular 
orbii. a1 
1 0.0881 0.2247 0.1347 
2 -0.2662 -0.5227 0.0022 
3 0.0 0.6869 0.1060 
4 -0.2466 0.2734 0.0375 
5 8.9S29 0.0430 -0.1414 
6 0.0 -0.0966 -0.6904 
7 -0.1153 -0.0766 -0.6128 
Table VI-4. 
4 7 
0.8096 0.0512 
0.4569 -0.1536 
0.0 0.0 
-0.0771 -0.8746 
-0.0404 -0.0487 
_·0 • .0 0.0 
-0.1644 -0.0089 
symmetry 
( a or s ) 
s 
s 
a 
s 
s 
a 
s 
I-' 
o 
w 
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as expected, see table VI-5, the UHF orbitals seem 
unreasonable. This will be discussed further, later. 
From table. VI-5 it can be seen that the wavefunction 
NPSO-A gives consistently better results than those 
of NPSO-B. By considering the physical interpretation 
of the two wavefunctions this can be explained. From 
graphs VI-I and VI-2, both annihilated NPSO energy 
plotted against k, for respectively, NPSO-A and 
NPSO-B wavefunctions, it is obvious that, unlike 
previously considered hydrocarbons, the w.wefunction 
containing k as a variable parameter, is not equivalent 
to that containing 1/ Thus for each wavefunction 
. k· 
there are two minima. A physical representation of 
both minima can be given. 
l 
Physical interpretations of the NPSO wavefunctions. 
i) Wave function NPSO-A: 
~(A) ~ A J (1', +"-1'.t) ol (1," k11t)'" 
( 1-, ~" 16) tI. ( 'X, ~ I( H ) J.. 
(~1" k1'.;) P (~If Iw k}5) ~ 
(,c,,,,k1,)f3 I 
If k is less than 1.0, the wave function can be 
represented as in figure VI-E. 
•• 6-1 
Here the semi-localised one-electron bonds 
containing &.i electrons will be displaced towards 
atoms 1,3,5, such that at atom 1, two one-electron 
10 5 
.' ' .-Ener~y results for the Benzyl radical, (Ruedenberg data). 
all energies quoted in e.V. 
method' energy k 
MO -303.9154 e.V. 
(eigenvectors 
of t,he overl'ap matrix) 
RHF - MO -305.6740 e.V. 
UHF - MO -30 8.8357 e.V. 
AMO -30 8.6701 e.V. ~~ 0.5866 
NPSO-A 
unprojecteCi -308.6047 e.V. 4.2 
annihilated -309.4675 e.V. 4.83 
projected and 
-309.5968 e.V. 4.85 
annihilated 
projected and 
-309.110 4 e.V. 4.87 
unprojected 
NPSO-B 
unprojected -307.5750 e.V. 0.236 
annihilated -308.3498 e.V. 0.208 
projected and 
-308.4520 e.V. 0.209 
annihilated 
projected and 
-307.9956 e.V. 0.205 
unprojected 
Table Vl-5 
t: '-----
u\ efJ. 
r
'C?rS-fi"O fe~(,(~~ 
Graph VI - 1. 
"l}q)c(l' ,0 
Annihilated NPSO energy v. k, the variable parameter, 
for the function NPSO-A,for the benzyl radical. 
~.o 
-307 '0 
309'0 
·-';09'" 
- ~A(,"bf~ 
p"rj,\~ tJt1 
--+t<---f ..' I • • : > 
0-0 'f'o %'0 ~·o 4'0 5,e "0 1,() g,t) ~,() K /-' 0-
'0-
4·0 
;.t)~i~.(l':. ~t:\,0 ~) :-:' I" ,'" 
-306·0 
-30] -0 
-308'0 
if, 
,MW~J in e.V. Graph VI - 2. 
Annihilated NPSO energy v. k, the variable parameter, 
for the function NPSO-B, for the benzyl radical. 
VAYi"blt 
P",,"Al'\4 th r 
-~ .. I , , I , f ,,--) 
10'0· 0-5 1,0 1" ~,,, ~,; ~'O 3,5 ,f,t) "5 (, ..... 
o 
'-l 
--------.... -
. 
I 
• t 
. 
\ 
. 
. 
, 
, 
· 
· 
· i I 
,l 
denotes a one-electron orbital containing 
an ell electron 
denotes a one-electron orbital containing 
an ~ electron 
Figure VI-E 
The representation of NPSO-A wBvefunction, with 
-----.. ---.--.~--- -- --~-----.... -~-.-~-.. -- --.--------~--. ~ ... ---- - - .- -._--------
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--,/' 
, 
\ 
\ 
\ 
. " .\. 
\. 
+-
" \ , 
I 
I 
I 
i 
/1. 
__ .------ denotes a one-electron orbital 
cont aining a aC electron 
-.----..-.--.-0-- denotes a one-elect.ron orbital 
containing a P electron 
Figure VI-F 
with k 7 1. 
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bonds, will have large amplitudes in the same region 
of space. This will lead to more c( electron 
repulsion, than the situai~ion tn figure VI-F. Here 
k is greater than 1.0. (Only the atoms 1,2,6 and 7 
are considered, since for the ring atoms the bonds 
110 
will be localised in different regions of space correctly.) 
The ol repulsions in figure VI-F are minimised. Thus 
the energy given by this wavefunction, NPSO-A, if 
k is greater than 1.0 would be expected to be lower 
than that if k is less than 1.0 . Graph VI-l shows 
this is so. The two minima are:-
k 
O.2li\. 
4.83 
~i) Wavefunction NPSO-B: 
energy, in e.V. 
-306.0977 e.V. 
-309.4675 e.V. 
~,(&) ;: A I (-y.,-t k11.).t C ~3 + k ,(,.)01 
(J's-t "1,,)J. ('11"- k ), ) ol 
(~2 r" 13) ~ (I'f ~ k{(s) P 
(1(, f /( ,](, ) ~ I 
•• 6-2 
The minima for this wave function can be represented 
by figure VI-G, if'k is less than 1.0, and 
figure VI-H, if k is greater than 1.0. 
In both cases the c( repulsions will not be minimised; 
'I' b 1 ~han those of figure VI-E. If k but they Wl..l. e Ol"er" 
is greater than 1.0, the ~ - ~ repulsions ,\'ill be 
5 
........ ----..., ... -
-. . .. . ..... 
Figure VI-G 
,. 
", / . 
I , , 
, 
3 
denotes a one-electron orbital 
containing a ~ electron 
denotes a one-electron orbital 
containing a f3 electron 
The representa~~_~_!?~_N~~~~:B w~.Y~l'~~~ct i?~_,. _ v~ __ ~~ 
k <. 1. 
III 
f 
I 
.I 
I 
I 
I 
I 
, 
\ 
" , 
, , 
l 
./1 
:»~.-.-.---.-
_---_-_ denotes a one-electron orbital 
containing a ~ electron 
.-...... -... . denotes a one-electron orbital 
containing a f electron 
Figure VI-H 
... , 
\ 
• 
• 2.. 
3 
The representation of NPSO-B wavefunction, 
with k ~ 1. 
/ 
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greater than if k is less than 1.0 • Thus, of the 
two energy minima for this NPSO wavefunction, that 
for k greater than 1.0 should be higher than that for 
k less than 1.0 ; the actual values are:-
k 
0.208 
2.65 
energy in e.V. 
-308.3498 e.V. 
-306.l86le.V. 
Thus empirically it is possible to predict the 
relative order of the energies of the various NPSO 
wavefunctions, in agreement with the order found. 
That is:-
113 
NPSO-A (kJ·.l), NPSO-B (k41), NPSO-B(k 71), NPSO-A (k< 1) • 
From table VI-5 it can be seen that the 
UHF-SCF.-MO and AMO energies are better than that of 
the unprojected NPSO method •. This is in contrast to 
to the earlier results. However the AMO method does 
include full spin projection, whereas no allowance 
for spin projection has been made in the NSPO 
wave function - even interchange of ~ and ~ spin 
were not included, as previously. Inclusion of some 
spin projection, or annihilation, improves the NPSO 
energy - such that the NPSO method now give~ 
reasonable energy lowel'ings. From these results it 
is ~ossible to substantiate further that equation 3-52 
- the projected and unprojected NPSO method - is a 
reasonable approximation to full spin projection. 
VI.S: Further UHF Calculations. 
Although the UHF energy was reasonable, the 
SCF-MO's were not as expected. The orbitals containing 
electrons of 0( spin, tI',; j'I'f (,"'1" If , in table VI-3, 
have the expected symmetry, but the ~orbitals, 
, do not. Also the coefficients 
of some P orbitals seem large. Because of this we 
were prompted to investigate further. 
i) The UHF program was tested on other molecules. 
The results for naphthalene and azulene (previously 
quoted), showed energy lowerings from the MO energy. 
Also the SCF-MO's had the expected symmetry. The HO's 
obtained for naphthalene agreed with the SCF-HO's 
of Pauncz,(7S). 
ii) With the same integral approximations, ~e 
calculated the RHF-MO's for the ions C6QSCH2+ and 
We then used these orbitals as 
starting orbitals for a UHF calculation for the 
benzyl radical. The 0{ orbitals were set equal to the 
RHF orbitals for the 
the ~ electrons were set equal to the 
RHF-I-10' s. 
while those for 
ion 
The results of the UHF calculation differed 
very little from the original UHF results; both the 
114 
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molecular orbitals and the energy were little affected -
table VI-5. 
iii) We performed the UHF calculations using a 
further integral approximation - PPP data,( 9~. The 
integrals used are given in table VI-6; the only 
I 
multi-centred integrals included were the two-electron 
coulomb integrals. 
As a reference energy, we used that calculated 
by the SCF-MO program of J.E.Bloor and B.k.Gilson,(95). 
This gave an RHF energy. Our RHF program gave 
results equivalent to those of Bloor and Gilson -
see table VI-7. We calculated the UHF energy, which 
gave the expected lowering from the RHF energy. The 
SCF-HO's resulting from the UHF calculation had the 
expected, correct, synunetry, see table VI-8. We 
thus continued to use the PPP data for NPSO calculations. 
The unprojected energy was calculated, and 
that NPSO energy suggested as a close approximation 
to full spin projection. These results are also 
given in table VI-7; they are very disappointing. 
Various reasons can be suggested for the lack 
of success of the NPSO:-
i)neglecting the multicentre integrals greatly affects 
the relative results of the various methods; 
ii) using semi-empirical data with the NPSO method 
is unsatisfactory. 
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Pariser, Parr and Pople integral values for the 
. benzyl radical. 
element coulomb overlap 
integ-ral integral 
11 11.i3 1.0 
12 9.0285 0.24682 
13 5.6511 0.0 
14 ) 4.9499 0.0 
34 9.0285 0.24682 
37 3.7995 0.0 
47 3.3676 0.0 
Matrix elements of the Hamiltonian were calculated within 
the Bloor and Gilson program. The input data set 
= 0.0, and ca1cula~ed H = '-~(J'j /pp). H = 0.0. pp ~ pq 
J 
'l'ab1e VI-6 
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Energy results for the' benzyl radical, ( PPP data). 
all values quoted in e.V. 
method energy k 
\ 
MO -227.5048 e.V. 
(eigenvectors 
of the overlap matrix) 
SCF -MO a' -149.5799 e.~. 
(Bloor and Gilson)' 
SCF 
- MO 
RHF ·':"227.6979. e.,V. 
UHF -227.7850 e.V. 
NPSO 
unprojected -224.1008 e.V. 1.4 
projected and 
-225.0770 e.V. 1.41 
unprojected 
a 
-f (jj j pp); Bloor and Gilson data defined O,H = pp 
the data in this work defined H '- ·w - E{jj , pp) pp p . , J 
hence the energy difference. 
Table VI-7 
Molecular orbitals for the benzyl radical, (pPp data). 
~---------- -. -.--
• _____ L __ •• _' 
Bloor and Gilson results 
atom nos. 1 2 ± 6 3 + 5 4 7 symmetry (a o~ s) 
molecular orbital. 
1 0.4257 0.3971 0.3990 0·3989 0.1590 s 
2 -0.5640 -0.2236 0.3010 0.5610 -0.2910 s 
3 0.0 -0·5 -0.5 0.0 0.0 a 
4 0.0 -0.2900 0.0 0.2260 0.8830 s 
RHF results, this work 
----
atom nos. 1 2 ± 6 3 + 5 4 ,., symmetry (s or ~) I 
molecular orbital. 
1 -0.4260 0.3970 -0.3990 -0.3989 -0.1590. s 
2 0.5640 O. ,2237 -0.3010 -0.5620 o .2909 s 
3 0.0 0.5 0.4999 0.0 0.0 a 
4 0.0 0.2906 0.0 -0.2260 0.0 s 
Table VI-8. • ••• continued. 
!--' 
!--' 
co 
Molecular o~bita1s for the benzyl radical. 
UHF results, this work. 
atom nos. 1 2 + 6 3 ± 5 4 
molecular orbital. 
1 0.4647 0.4114 0.3509 0.3492 
2 0.4286 0.0650 
-0.3155 -0.5390 
3 0.0 -0.5321 -0.4657 0.0 
4 -0.1558 -0.3877 0.6934 0.4283 
·5 .-0.4744 .-0.3877 .-0.3931 -0.3648 
6 0.5924 0.1613 -0.3435 -0.520S 
7 0.0 -0.4658 -0.5320 0.0 
Table VI-So 
7 
0.2782 
0.5643 
0.0 
0.6943 
-0.1799 
0.2997 
0.0 
• •• continued. 
symmetry (a ors) 
s 
s 
a 
s 
s 
s 
a 
" 
f-J 
I-' 
'0 
VI.6: Further Integral Approximations. 
Amos and Burrows (96) also noticed that, during 
their calculations on the benzyl radical, the 
integrals used significantly affected the results. 
We thus cont~nued. our calcula~ions using different 
integral approximations, including various two-
electron integrals. Perhaps this could resolve the 
"anomolous nature of the UHF orbitals. 
\ 
i) Goeppert-Mayer and Sklar Data. 
Here the one-electron core integrals were: 
calculated by the metbod of Goeppert- Mayer and 
Sklar,(97). The one centre coulomb integrals were 
set equal to l7.230664e.V. Other two centre 
coulomb integrals were calculated by· P.H .Martin~ All 
other two electron integrals were neglected. 
Complete overlap was included. See appendix II. 
Values are given in table VI-9. 
ii) After Karplus and Shavitt, (98). 
The Ruedenberg approximations were used for 
calculating the overlap, one-electron and one centre 
coulomb integrals. However, to correspond with 
Karplus and Shavitt's calculations the internuclear 
distance was set equal to 1.39 ~, and the orbital 
exponent to 1.590. The two centred coulomb, hybri9 and 
exchange integrals were provided by P.H.Martin. All 
other multicentre integrals, with the exception 
of the exchange and hybrfd integrals between 
neighbours and next-nearest neighbours, were set equal 
to zero. 
120 
element 
11 
22 
33 
44 
77 
12 
13 
14 
37 
47 
17 
23 
24 
25 
26 
27 
34 
35 
36 
121 
Integral values for the benzyl radical, 
Goeppert - Hayer Sklar data. 
matrix 
coulomb 
integral 
17.22703 
9.02847 
5.65114 
4.94987 
3.79954 
3.36759 
overlap 
integral 
1.0 
0.24682 
0.03470 
0.01545 
0.00193 
0.00059 
Table VI-9 
element of the 
Hamiltonian. 
- 56.53317 
-52.51440 
-50.65466 
-50.22048 
-43.19203 
-15.28695 
'. 
-2.01159 
-0.89232 
-0.10046 
-0.03026 
-14.21777 
-14·.64157 
-1.94545 
-0.86956 
-1.98509 
-1.83476 
-14.35969 
-1.92084 
-0.86956 
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Karp1us and Shavitt data, two centre integrals. 
( accurate values) 
element 
ij 
12 
13 
14 I 
37 
47 
coulomb 
integr~l 
(ii \ jj) 
9.02731 
5.66891 
4.96759 
3.81615 
3.38243 
Karp1us and Shavitt data, three 
( values from referer:c:e 98.) 
elements exchange 
integral 
ijk (ij t ik) 
123 0.11186 
126 0.65091 
Table VI-10. 
exchange hybrid 
integral integral 
(ij \ ij) (ii \ ij) 
0.92741 3.31222 
0.01722 0.37789 
0.00337 0.15767 
0.00005 0.01975 
0.000005 0.00575 
centre integrals. 
III 
hybrid 
integral 
(iiJ jk) 
1.85512 
0.43883 
123 
Inte~ral values for "the. ~~nzy1 radical; 
element 
11 
22 
33 
44 
77 
12 
23 
34 
71 
31 
41 
42 
52 
53 
62 
72 
73 
74 
for Karp1us and Shavitt data, and 
accurate three centre integrals. 
matrix element 
of the Hamiltonian 
-56.78766 
-52.72065 
-50.85740 
-50.42367 
-43.34006 
-16.05165 
-15.37427 
. -15.07706 
-14.92736 
-2.24359 " 
-1.01.918 
-2.16988 
-0.99326 
-2.14230 
-2.21432 
-2.04620 
-0.12182 
-0.03789 
-
Table VI-II 
overlap 
integral 
1.0 
o .25997 
0.03888 
0.01773 
0.00236 
,0.00074 
124 
Integral values for the benzyl radical; 
Accurate three centre integrals. 
atom nos. exchange hybrid 
integral integral 
, ijk (ii jk) (ij ik) 
123 1.85514 0.11186 
124 0.27207 0.04176 
125 0.14734 0.08635 
125 0.43883 0.65091 
134 1.40548 0.00686-
135 0.24063 0.01308 
137 0.02406 0.07300 
147 , 0.00732 0.03025 
247 0.00593 0.00968 
257 0.01540 0.00473 
347 0.00,529 0.00397 
357 0.01363 0.00062 
367 0.19614 0.00034 
427 0.16921 0.00023 
417 1.04813 0.00012 
437 0.01286 0.00134 
713 0.20803 0.00545 \ 
714 0.08932 0.00159 
723 1.23680 0.00088 
725 0.07779 0.00070 
734 0.83411 0.000015 
735 0.11590 0.000042 
Table VI-Ii. 
For these exchange and hybrid integrals we used the 
values' given by Karplus and Shavitt. All values used 
,are given in table VI-IO. and table VI-II. 
l2S 
iii) Accurate three centre hybrid and exchange integrals. 
Accurate three centre hybrid and exchange integrals, 
provided by D.M.Hirst, were used in conjunction with 
. the two centre integrals provided by P.H.Martin. The 
four centre integrals were neglected. The coulomb 
one-electron and overlap integrals were calculated 
as in ii) above. The integrals are given in tablesVI-ll and 12. 
iv) Goeppert-Mayer and Sklar core and Mulliken approximation. 
Here, as in i) the Goeppert-Mayer and Sklar 
approximation was used for the one electron integrals 
and the two centre integrals. The Hulliken 
approximation was used for all other two electron 
integrals. ~~-I.;-, 
Results and Discussion. 
The results of the calculations - 1<10 energy, UHF, 
RHF, MlO and various NPSO calculations - are 
given in table VI-13. From these it can be seen 
that the effectiveness of the NPSO method, and in 
some cases the MlO method, depends on the integrals 
used. 
Using Goeppert-Mayer Sklar data with the J.iulliken 
approximat~on, as with Ruedenpergts data and the 
l-iulliken approximation, means that the NPSO energy, 
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Energy calculati~ns for the Benzyl radical. 
method of 
calculation 
of energy. 
MO 
RHF 
UHF 
AMO 
NPso-A 
unprojected 
annih1iated 
projected and 
unprojected 
projected and 
annih1iated 
NPSO-B 
unprojected 
annihilated 
projected and 
unprojected 
projected and 
annihilated 
all values are given in e.V. 
Ruedenberg 
integrals 
with 
Mulliken 
approximation. 
-303.9154 
-305.6740 
-308.8357 
-308.6701 
-30 8.6047 
-309.4675 
-309.1104 
-309.5968 
-307.5750 
-308.3498 
-307.4956 
-308.4520 
Table VI-13 
Goeppert-Mayer 
Sklar integrals 
with Mulliken 
approximation. 
-218.8816 
-219.8315 
-223.1363 
-223.5855 
-223.0043 
-223.8714 
-223·5265 
-223.9927 
-222.2996 
-223.0785 
-222.7274 
-223. 1799 
••• continued. 
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Energy calculations for the Benzyl radical • 
... ---
all values are given in e.V. 
method of 
calculation 
of energy. 
MO 
RHF 
UHF 
AMO 
NPSO-A 
unprojected 
annihilated· 
projected and 
unprojected 
projected and 
annihilated 
NPSO-B 
unprojected 
after 
Karp1us and 
S~avitt. 
-241.6057 
-241.7148 
-242.0171 
-242.4686 
-236.9584 
-238.96°5 
-238.3351 
-239.4480 
-235. 8~.45 
projected and -237.3333 
unprojected 
Table VI-13 
including 
accurate three-
centre integrals. 
-225.7354 
-226.3°19 
-227.0121 
-227.7843 
-225.9728 
-227.2753 
-226.8292 
-227.5716 
-224.9°°4 
-226.0846 
••• continued. 
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Energy calculations for the Benzyl radical. 
all values are given in e.V. 
method of 
calculation 
of energy. 
Ruedenberg 
core with 
GMS two 
Goeppert-Mayer 
Sklar data. 
centre integrals. 
MO -345.3647 -258.1880 
RHF ':'346.5510 -261.0764 
UHF -346.6211 -261.1411 
AMO -345.730 3 -260.7890 
1 
NPSO-A 
unprojected -340.0596 -254.4292 
projected and 
unprojected -342.6255 -256.5845 
Table VI-13 
1 
obtained from eigenvectors of the overlap 
matrix as starting orbitals; using SCF-HO's gives 
-261.2599 e.V. 
including some spin projection, is lower than the 
AMO energy; though the AMO'method is better than 
-the unprojected NPSO wavefunction. However, with 
Goeppert-Mayer Sklar data the partially spin 
projected NPSO, (projected and unprojected NPSO), 
fails to lower the energy below that of the AHO 
method, contrary to previous results. 
The NPSO-B wavefunction is still not as good a 
wavefunction as NPSO-A. From these. results it is 
possible to suggest that, if all multi-cel.:.tred 
integrals are included, the NPSO wavefunction, 
when part.ially spin projected, gives good 
account of spin correlation. 
From table VI-13, it can be seen that neglecting 
some of the multicentre two electron integrals 
reduces the effectiveness of the NPSO method, while 
that of the AMO is little reduced. 
If all but nearest neighbour exchange and hyb.rid 
three centre integrals are neglected, as in 
approximation ii), the NPSO method fails to 
reduce the energy below that of the MO energy -
whereas the AMO method is still more effective 
than the UHF method. 
Using more accurate values for the three centre 
integrals - or including all of them - means that 
the NPSO without any spin projection now lowers 
the energy below that of the MO method. Including 
some spin projection means that the NPSO energy is 
lower than.the UfW energy, and comparable to the 
AHO results. 
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Again it can be seen that NSPO-A wavefunctions 
are better than those of NPSO-B. Thus we performed 
no more calculations using NPSO-B wavefunctions. 
The Goeppert-Mayer Sklar results - as with 
the PPP data, where all three and four centre 
integrals and some two centre integrals were 
neglected - are very poor. The AMO method lowers 
the energy from the MO energy, but even the RHF" 
method gives a lower energy than it. The NPSO method, 
including some spin projection, is still ri"..>t lower 
than the MO energy. 
It has previously been noted that the Goeppert-Mayer 
Sklar and Mulliken data was not as successful as the 
Ruedenberg and Mulliken. To try to ascertain whether 
this poor performance using Goeppert-Mayer Sklar 
data is a function of the core integrals, or neglect 
of the multicentre integrals, we performed further 
calculations using data synthesised from previous 
values. The Ruedengerg core integrals were used 
(table VI-I) with the Goeppert-Mayer Sklar two 
centre hybrid and exchange integrals. All other two 
electron integrals were neglected. These results are 
also in table VI-13. They are comparable to those 
using complete Goeppert-Mayer Sklar data; suggesting 
that the reason for the poor performance of both the 
AMO and NPSO methods with Goeppert-~layer Sklar data 
is the neglect of the multicentre two electron 
integrals. In this respect, the NPSO method seems 
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more dependant on the integrals used than the A ,.(1'\. fi!'lV Jiiethou. 
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'lhese results sUf!lTest that ~ood agreement between 
°t.heory. and experimental results will need the 
inclusi6n of many centre inte~rdls. Indeed, ne~lect 
of three cent~e inte~rals has been previously critioi~ed,(93). 
Despite all the differe~t sets of integrals we 
investigated, we were unable -to explain the 
anoma.lous behaviour of the UHF orbitals previously 
discussed, though this was the prime reason for 
studying the different integral sets. 
VI.7:Spin Densities. 
i) Introduction: 
I 
Recently there has be,en considerable interest 
in the calculation of spin densities for conjugated 
hydrocarbon radicals. See for example,(42),(89). 
Despite the fact that'to explain the hyperfine 
structure of an e.s.r. spectrum sigma - pi interactions 
must be conosidered, McConnell (99) deduced a 
relationship between the experimentally measured 
hyperfine coupling constant and the pi-electron 
spin density. 
where 
q. = hyperfine coupling constant 
p. ' 1i - electron spin densi t.y 
.11 
..6-18 
and is a constant of value ~ 20 - "30 gauss,(99). 
Physically the spin density, r, is the difference 
between the probability of finding an electron of 
ol spin over .that of finding one with ~ spin in 
volume bv. Thus the spin density for a system 
described by an RHF wavefunction is given, simply, 
by the square of the coefficient of the singly 
occupied orbital. 
One reason for the benzyl radical attracting so 
much attention is that, generally, the computed para 
proton splittini is less than that for the ortho -
contrary to experimental results. Two exceptions 
have been found: the valence bond method,~Oq,and 
the UHF calculation of Berthier and Baudet,(10]. 
However the valence bond method gives poor overall 
agreement with experiment; and another UHF calculation, 
that of' Amos and Snyder, ( 4a, predicts the ortho -
para ratio incorrectly. Carrington and Smith, (87), 
suggest that the discrepancy between the tl\,O UHF 
methods was a function of the data used. 
ii) Calculations: 
We calculated the spin densities by various 
methods. 
,a)RHF method. 
Here, as with the HMO method, (10j, since 
the spin densities are given by the squares of the 
coefficients of the singly occupied orbitals,it is 
not possible to obtain negative spin densities. 
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b) UHF method. 
Here the spin densities, s, are calculated from 
•• 6-19 
Negative spin densities can thus be obtained. Amos 
and Snyder, (42), have performed similar UHF calculations -
but with different integral approximations, and have 
included annihi~ation of contaminating spin functions 
in the UHF wavefunction. Some of their results are 
quoted in table VI-14. 
Because of the unusual form of our UHF orbitals 
the spin densities we obtained were unreasonable. 
However, if the MO's are annihilated to remove the 
triplet spin function the spin densities thus 
obtained were quite reasonable. 
c) We performed MIO calculations by two similar 
C 
methods. We used Paurtzts formula for a normalised 
fully spin projected single det~inant of the form of 
equation 6-17 . 
., . r~S 
.. 'i IF' 
,., 
(l/'/(") Ie. -,{ (( r - 2 Cr,n) Sr J] 
1"'-:. () _ 
•• 6-20 
where C ,S and IS are defined as previously. 
r r r 
,.., dnd fA denote number of P and cl electrons, respectively. 
Results of the spin density calculations for the 
- ------.------------..• --.-~----~-~.~- ~--~- ~- .. -" -. ---.. _--
. 
. -. 
Ruedenberg Data: 
method 
RHF 
UHF" 
.ann-ihilated 
UHF 
AMO 
1 
.0.006 { 
-0.782 
-0.264 
-0.264 
projected and 
annihilated 
NPSO-A -0.589 
NPSO-B 0.356 
projected and 
unprojected 
NPSO-A -0.483 
benzyl radical • 
2 3 
0.065 0.000 
0.853 -0.841 
0.696 
-0.296 
0.616 
j 
-0.268 
-0.270 
~0.594 
Q·339 
-0.501 
4 
0.030 
0.842 
0.423 
0.455 
0.687 
-0.293 
0.604 
Goeppert Mayer Sklar Data: 
RHF 0.002 0.031 0.000 0.014 
MolD -0.263 0.450 "-0.269 0.454 
projected and 
annihilated 
NPSO-A -0.619 0.718 -0.618 0.711 
projected and 
unprojected 
NPSO-B -0.516 0.641 -0.530 0.631 
Experimental 
hyperfine coupling 
constant -- 5.14 1.75 6.14 
(gauss) 
Table VI-14. 
7 
0.850 
0.789 
0.709 
0.410 
0.658 
0.960 
0.538 
0.722 
0.673 
16.35 
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The formula given in reference 67, (equation 6-72) 
contains typographical errors • 
. ' The Harris formula, (10 3)" also for a normalised 
Here the normalisation differs from that of Pauncz. 
-~J is set equal to zero if] is greater than 
the number of ~~ electrons. However it should be 
noted that th.e recursion formulae given for b"and 6"",-
are incorrect; Ll~and Ll{ are defined' as in equation 6-10. 
d) Both NSPO \'lavefunctions '/'(A) and \f'£&), equations 
6-1 and 6-2, were used to balculate the spin densities, 
to the two approximations of full spin projection -
unprojected and projected, and projected and annihilated 
NPSO. In both cases we used the Pauncz,( and Harris) 
formula for the spin projection of the single 
determinant; and calculated the cross terms, " 'f,J e I tr,.7 
and to *.1 PI As 1/',,"7 separately, taking the sum of 
thee( spin densities minus the sum of the P spin densities, 
and in the case of annihilation, summing over all 
twelve possible determinants. 
All calculations were performed using both the 
Ruedenberg core integrals and the Goeppert-Hayel' Sklar 
core approximations; Mulliken's approximation was 
used for the multicentre two electron int,egrals, 
and full overlap was included. 
iii)Results: 
The spin density results are given in table VI-14. 
The wave function NSPO-B gives spin densities of the 
wrong sign, and since the energy of this wavefunction 
is not the minimum, these results can be discarded. 
The'UHF spin' densities are too large - but since 
the UHF-NO' s \~ere incorrect, it seems not .'mreasonable 
to reject these, too. 
Neither the AMO results or the NPSO ones are in 
very good agreement with experimental':.resul ts, 
though those of the AMO method seem be~ter than the 
NPSO results. The NPSO method over-estimates the 
spin density on the ring atoms. 
iv) Two parameter NPSO wavefunctions~ 
In an effort to improve the NPSO spin density results -
increase that of the 7 tho atom and reduce the 
spin density on the ring atoms - a two parameter NPSO 
wave function was written, one parameter, k, 
for the ring atoms and another, kt , for t~e 7 tho atom. 
The initial wavefunction was 
~ AI (~, .. ,,~~,)-,(,) ("1, .. ~'1"){2.)J.(1) 
l ~s~,,~ ~() ~(;) (11 .y t~ ~, ) (If) el(tt) 
(11 t t1, ) (,) ~(5) (,elf ~ ~ };)((')P(,,) 
(1 ~t ~ /',)0) ~(1) I .• 6-22 
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Again a symmetry projection and a spin projection 
operator must be applied to equation 6-22 to 
give the total NPSO wavefunction as 
•• 6-23 
where 
lk,(~) "f\ J ('t, -f' k1r)(1)c{(t) (~,.f "1C1f-)(1) 0((2) 
(i3 ~ ~12.) (;) J(3) (~I ~ k'", 1. 1) (4) ~(4) 
(~~H~I,)[5) ~(5) ('1~-t ~13)(b)P((,) .. 6-24 
( j., -f' Jc. '1 f ) (1) f3(1) I 
We also set up another NPSO wave function of the type 
NPSO-B, as previously discussed~ 
lY, (6) .. .A ( (,c, .,.,n~)(,) .t(,) ("iJ -I ~"'if) ( .. ) '<6.) 
(~r" ~r:b )(3)c:U'3) {'17 ~ tt ~, )(II)J(If-) 
(,cl. rK. )C,) (f) pC;) (1tf ~ ~~;) UJ ~(,,) .. 6-25 
(X~f'k 1, ) (1) ~(7) I 
and from this the total NPSO-B wave function was given 
by 
•• 6-26 
where 
41,(6) " A I C,cI-t',""JCb) (1) J(1) ("l~" "~"')(1)~) 
(')(31'1' "2.)[» o({z.) (1, i- ~t ~ ) (+) ol(4)" .6-27 
('}2" ~~.)(;) p[l) C~/f + IL~) (b)f~) 
(~"+-~):1)(7) ~(1) I -
Energy calculations for the Benzyl radical -
-------------~-~--
using NPSO wavefunctio~ with two va~iable 
parameters. 
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all values are given in e.V., for energy.· 
Using Ruedenberg core with the Mulliken approxi!Dation: 
energy. k k t 
N-PSO-A 
-309.1934 5.4 2.95 
NPSO-B 
-308.0751 o •. ~~ 0.8 
Using Goeppert-Mayer Sklar core with Mulliken approximation: 
c 
energy k 
NPSO-A 
-223.5427 5.45 
Table VI-IS. 
I 
I . 
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Results of the ~pin density calculations for the 
benzyl radical, using NPSO wavefunctions with two 
variable parameters. 
Using Ruedenberg core with the Mulliken approximation: 
1 2 
NPSO-A 0.616 
3 
-0.501 
4 
0.604 
7 
0.658 
Using Goeppert-Mayer Sklar core with the Hulliken approximatioJ 
NPSO-A -0.413 0.630 -0.521 0.621 0.693 
Table VI-16. 
Ruedenperg integrals,with Mulliken's approximation, 
were used to calculate the minimum energy for both 
functions. The suggested approximation to full spin 
projection was used - projected and unprojected NPSO. 
The re'sults are given in table VI-15. Again it 
can be seen that the NPSO-A wave function gives a 
lower energy than that of type B • The Goeppert-Mayer 
Sklar data and the Mullik~n approximation was used 
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to calculate ~he energy minimum for wavefunction NPSO-A. 
These results are also given in table VI-14.The spin 
density results for both inte~r~l approximations 
are given in: table VI-16. As previously the results 
using an NPSO wavefunction type B must be rejected. 
There is very little improvement in the spin 
density results, and ·the small reduction in the 
energy, less than 0.1 e.V., is possibly not worth 
the effort needed to introduce a second variable 
parameter into the NPSO wavefunction. 
v)Discussion: 
Several reasons for the poor agreement between the 
spin density calculations and experimental results 
can be suggested. 
a) The validity of the McConnell relationship (99) 
has been questioned, since Q , the constant 
rel~~i~g the experimentally measured hyperfine 
coupling constant with.the calculated spin density, 
. . 
is usually given an average value. Carrington and 
Smith (87) . pointed out that, ~f a different value 
of Q is used for the ring atoms, to that for the 
ClI chain atom, the ag:t'eement between theoretical and 
I 
experimental spin densities improves. Several attempts 
have now been made to ·try to redefine the McConnell 
·relationship, (104) ,(10.9; but none has, as yet, 
replaced it. 
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b) The· assumed geometry has recently been questioned,W1). 
Benson and Hudson UO~ noted that relaxing the assumed 
geometry led to a marked improvement in the theoretical 
coupling constants; while Beveridge and Guth UOV 
. calculated the theoretical geometry - this deviated 
considerably from the assumed geometry. However it 
is thought that altering the geometry of the radical 
would not much affect the NPSO results. 
c) It has been noted (10ro that for the allyl radical, 
methods which use localised orbitals in spin density 
calculations tend to give results which are too 
high. Perhaps use of localised - or as in the case 
of the NPSO method semi-localised - orbitals 
adversely affects the spin density calculations. 
d) The omission of full spin projection for the NP80 
method may be a gross over-simplification, for spin 
density calculations. We have already noted that 
annihilation has been criticised,(39). 
e) The integrals used have, also, previously 
been questioned; perhaps these also adversely 
affect the results. Amos and Snyder W2) noted 
that annihilation is a satisfactory approximation 
for calculations with Pariser, Parr and Popie data , 
but that using theoretical integral values gives 
spin properties in poor agreement with experiment. 
Also }jansen '(109) suggested that electron correlation 
effects explicitly included in ab initio methods 
are often implicitly included in semi-empirical 
methods. Wit~ this in mind s~me later calculations 
used furthe'r. semi-empirical data. 
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VII. FURTHER APPLICATIONS OF THE NPSO METHOD. 
VII.1:Introduction. 
Preliminary calculations were performed to extend 
the NPSO method to various open shell systems, 
butadiene ions, both cis and trans, the pentadieny1 
radical, azu1ene negative ion and naphthalene 
negative ion, with a view to calculating the 
&~, 
spin densities. These' spin densities ~ ~ then 
be compared to those of Amos and Snyder, (4~). Amos 
and Snyder's results have been previously compared 
to other methods, (11~ • 
Throughout these calculations the integrals used 
were those ca1~u1ated by Ruedenberg's method, appendix I, 
with the Mulliken approximation 10r multi-centred 
integrals. 
The MO energy was calculated, using equation 6-~4 
with eigenvectors of the complete overlap matrix as 
orbitals. This result was then compared to that for 
the NPSO method. We chose to calculate the NPSO 
energy within the unprojected approximation - thus 
no allowance was made for spin proj"ection. 
If the symmetry projected NPSO wavefunction is ~1' 
lft,s 0$ [ ~, ~ &h,] •• 7-1 
in general the unprojected NPSO wavefunction will 
give the total energy as 
·E < "" ,,., I q" 7 + L \f', J H I \1' .. 7 ,. L. \1', r tI1 7 .,. L lJ'. J \fJ" 7 
•• 7-2 
For previous calculations this approximation has 
been shown to give a reasonable energy lowering from 
the MO energy; it should thus give a fair indication 
of th~ energy lowering the NPSO method would give 
for any system. 
VII.2: Pentadienyl Radical. 
The geometry of the radical was assumed regular -
bond length of 1.4 ~, bond angle of 1200. The numbering 
used was that of Amos" and Snyder; see figure VII-A. 
The initial NPSO wavefunction was writt"eri as 
lY, :t AI11(')~} "(}J. t k13) (L)i(£) 
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•• 7-3 
(1Jf~~ 1,)(3)",(;) (t:,f'J('fz,)(f)P(If) (13~k1,,)(.s') ~(5)1 
The application of the symmetry projection operator 
for the C2 point group giVes~1 as the ground state 
wavefunction. 
tYr · (lJ', + \h,] 
where 
•• 7-4 
~'J , AI'l,(·)J6) (1""kh)(2-)4,;) ("2.-t"1,)(~)cL{;) 
( ""5'" "~'f ) (f) (&C4) (~S1 /(Xz) (f) j3(S) , .• 7-5 
Here substituting 1/ for k in the wavefunction will 
k . " 
not leave the wavefunction unchanged •. 
The inte~rals used in the calculation are given 
in table VII-la; the results in table VII-lb. 
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Figure VII-A 
the numbering scheme for the pentadienyi radical. 
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Integral Values for the Pentadieny1 Radical 
element coulomb overlap matrix element 
integral integral of Hamiltonian 
11 . 17.22702 1.0 -44.84189 
22 17.22702 1.0 -52.78417 
33 17.22702 1.0 -54.63513 
12 9.02847 0.24682 -14·00477 
13 5.65114 0.03470 -1.47877 
14 3.80018 0.00194 -0.08074 
15 2.92895 0.00012 -.0.00452 
23 -14.98594 
24 -1.55249 
, . 
all values not given abov~ can be generated 
by consideration of the symmetry of the radical 
Table VII-1a 
The energy and spin density results for the Pentadie~yl 
radical. 
Energy results: 
MO energy -183.2767 e.V. 
NPSO energy -187.0666 e.V. 
Table VII-lb. 
Spin density results: 
atom number: 
method of 
calculation: 
,! 1 
Amos and Snyder 
NPSO 
1 &> 5 
0.545 
0,465 
Table VII-Ie. 
1reference 42. 
2 &> 4 
-0.307 
-0.427 
k = 4.785 
3 
0.524 
0.430 
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As expected the unprojected NPSO wave function gives 
a lower energy than the MO wavefunction~ 
The spin denliility results , in table Vlr-Ic, show 
some resemblance to those of Amos and Snyder,(42), 
for a single determinantal wavefunction. The third 
atom has a greater spin density than that of the first 
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atom. But , as Amos and Snyder noted, the unannihilated 
spin density appears to give too large a separation 
of the positive and negative spin densities; our 
method shows ths same trait. Perhaps use of the 
annihilated NPSO would improve the spin density 
result.s; i.t should also give a slightly larger 
energy lowering. 
VII.3:The Butadiene Ions. 
A:Trans Butadiene Negative Ion. 
The geometry was assumed regular, an~ along 
with the numbering scheme is shown in figure VII-B. 
The initial NPSO wavefunction was set up as 
~ :t A·I ~,(,),,(,) (1% -t k1';) (z)Jb.) 1.b)"'(J) 
tt, H'h)fi-)P(4) (~J Hj(4)(~.,,cs)1 
From the point group of the ion - C2h - the total 
NPSO wavefunction, without spin projection, is 
•• 7-6 
•. 7-7 
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1 
Figure VII-B I I 
the numbering scheme for the trans-butadiene 
negative ion. 
c 
!nte~Eal ~a!~e~ for the tra~s but~diene" negative ion. 
element 
11 
22 
12 
13 
14 
23 
coulomb" " 
integral 
17.22703 
17.22703 
9.02847 
5."65114 
3.80018 
overlap 
integral 
1.0 
1.0 
0.24682 
0.03470 
0.00193 
matrix element 
of" the 
Hamiltonian. 
-40.07019 
-47.14124 
-13.17432 
-1.32989 
-0.06916 
-13.81955 
all integral values not quoted here can be generated 
by considering the symmetry of the ion. 
Table VII-2a 
The results of tpe energy calculation for the 
trans butadiene negative ion. 
method of 
calculation 
MO 
NPSO 'B' 
-139~85521 
-139.00066 
NPSO 'A' -140.26711 
NPSO (symmetric) -140.26711 
Table VII-2·b, 
k == 2.61 
k = 2.545 
k = 2.55 
The results of the spin density calculations for 
the trans butadiene ion. 
method of 
calculation 
Amos and Snyder 
NPSO 'B' 
NPSO 'A' 
1 
NPSO (symmetrical) 
atom number 
1 &' 4 2 &' 3 
0.457 0.043 
0.561 0.026 
0.918 -0.264 
0.915 -0.346 
lSI 
1reference 42. 
Table VII-2c. 
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where 
~~'. A I '1.,(,' elC') ('}j oJ .l1'Zr)~}~t,) 1,(5) J(3) 
(~. ~ k.~3)(f)P(") (1 .. .,.t1, )($) PM I •• 7-8 
The integrals used are given in table VII-2a, and 
. the results in table VII-2b. 
Here the wavefunction is unaltered by substituting 
for k. 
The results show that the NPSO wavefunction does not 
lower the energy from that of the MO wavefunction. 
From empirical considerations, perhaps, this can be 
explained. A diagramatic representation of the NPSO 
wavefunction may be given as in figure VII-C. 
From this it can be seen that the ~-~ spin 
~epulsionscould be described as : two small 
repulsions, on and around atoms 2 and 3; one slightly 
larger repulsion, on and around atom 1, and one 
large J-~ repulsion,. on atom 4. 
There are two possible ways of re-writing the 
wave function , NPSO-A, see figure VII-D,and symmetrical 
NPSO, see figure VII-E. These give the following 
unprojected wavefunctions: 
in each case, 
•• 7-'1 
for variant NPSO-A 
-
or , 1, (a) .1.[.) (~1-1- k~)@.)"'{1.) _ 1q.(J)~(J) 
("",.,. t. tz.)C.) ~(4) {~f'" k1~)(5)P{s"f 7-9 
-----------denotes a one-electron bond containing a 
d electron 
~~-~'-'-'-denotes a one-electron bond containing a 
f' electron. 
Figure VII-C 
The representati~n_of.the NPSO wavefunction for the 
trans butadiene ion. 
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l ~~~~~~~---(' \ 
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'-,- --
------
denotes a one-electron bond containing 
a d. electron 
denotes a one-electron bond containing 
a ~ electron 
Figure VII-D 
The representation of the NPSO .-variation 'A' - for 
the trans butadiene ion. 
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'~: '\ , : \ 
I . , 
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\ ' . , 
"", -,,' 
..... _--
denotes a one-electron bond containing 
a t/. electron 
denotes a one-electron bond containing 
a p electron 
Figure VII-E 
The rep~esenta~ion of the symmetric~l NPSO 
wavefunction for the trans butadiene ion. 
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and 
~~~JJI(" .l(.) ~ __ (K;-t ~JJ~L.{i-l •• 7-10 
1,(; )J111_ffi_j __ k. ~11(~fJ (t2-C~ .f~1~)«)!f5LI 
for the symmetric1 NPSO 
~t_" AI ~G) .t(J __ (j4.£1J){t)~'(i11f{})~(Y .. 7-11 
_._. ___ CIJ. __ .~ __ 12.~)(fl({ +}_(:1.J~i_'}41~)~S) I 
Here ~ e~uals tf". 
Pauncz (llQ discussed in some detail the merits 
of the two NPSO wavefunctions labelled, in his notation, 
variant 'A' and variant 'B'; he~ codcludes that 
although in general variant 'B' is best, but also 
notes that on some occasions variant 'A' is superior. 
Here variant 'A' should be superior, since the 
repulsions can be described as: one small repulsion, 
on atom 2, comparable to those on and around atoms 
2 and 3 in variant 'B'; two slightly larger ones, 
on and ar.ound atoms 1 and 4, comparable to thdt 
of atom 1 in variant 'B', and one more repulsion on 
atom 3, also small. 
The result of the unprojected NPSO calculations 
are ,given in table VII-2b. Use of the variant 'A' 
NPSO wavefunction improves the energy sufficiently 
so that the unprojected NBSO energy is now lower 
than the ~10 ene~gy. 
Logically, it may seem that the symmetrical NPSO 
'wavefunction should give the 19west energy. Empirically 
it is not easy to make such a statement, because 
it will depend on the relative sizes of the 
repulsions on atoms.2 and" 3. Both the variant tAt 
and the symmetrical NPSO wavefunctions (if the 
minimum k values are equal) will have similar 
cl- ~ repulsions on and around atoms 2 and 4. 
The results of the energy calculations using the 
symmetrical NPSO wavefunction are given in table VII-2b. 
Since both the wavefunctions, NPSO-A and symmetrical 
NPSO, have similar energy minimaJ at similar k 
value, we can only conclude that the tJ.-p repulsions 
on atoms 2 and 3 in variant 'A' wavefunction balance 
those in the symmetrical wavefunction. 
For all three waverunctions spin density 
calculations were performed .• The results, along with 
those of Amos and Snyder, ( 4~, for a single determinant 
are given in table VII-2c. 
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Unlike the pentadienyl radi~al results, where the 
wavefunction that gave minimum energy gave spin densities 
comparable to those of Amos and Snyder, for the 
butadiene negative ion such a wavefunction gives 
spin densities in very poor agreement - there is even 
a sign difference. However ths spin density 
calculation with the variant 'B' NPSO wavefunction are 
in reasonable agreement with those of Amos and Snyder. 
This may tend to indicate that a good wavefunction -
by energy criteria, is not such a good one, when 
jUd~d by other standards. ( Criteria for "good" 
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wavefunctions are discussed by Kutze1nigg and Smith, (11]). 
Other workers have found it necessary to reminimise 
"the wavefunction for calculation of physical 
quantities other than energy.) 
~,.~_~is~~_!-~~~e~~_~~g~~ive Ion. 
As with the trans butadiene negative ion calculations, 
we assumed the geometry for the cis butadiene ion 
\ 
to be regular. See figure VII-F for the geometry and 
numbering scheme. 
\ 
The integr:alS used were calculated by the Ruedenberg 
approximations and the Mulliken approximation. The 
integrals are given in table VII-2d. 
We performed calculations using three types of 
unprojected NPSO wavefunctions. For all cases: 
The variant 'A' NPSO wavefunction has 
•• 7-7 
. ~ :t°A{1',(,)d(.) (]::z,.f ~}3){1).l(7r) 'Y4(S)d(3) 
( "t, ... "1'~( t) PCt) (j. II- ... k "tl)(S) ~(s)' · · 7-13 
and 
tf1, : A (14(1)A(·) (1a t k./Cz.)CJ)d(J) 1J. (~)",{J) 
(-}4 t ""~ )(f)PCf) (7', ~,,)(}(s)~(~) J 7-14 
The variant 'B' NPSO wavefunction has 
ti', (,c1'" ~"j )(J,) etC,.) 1:'1 (5)1(3) 
(~J .f-kY".)(S)l(f) I .• 7-15 
1 
, ' 1+ f#." 
Figure VII-F 
''-D-r 
3 
c 
The geometry and numbering scheme for the cis 
~- . 
butadiene ion. 
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Integral values for the cis butadiene ion. 
element coulomb overlap matrix element 
integral integral of the 
Hamiltonian. 
11 17.22703 1.0 -41.21988 
22 17.227"03 1.0 -47.14124 
12 9.02847 0.24682 -13.31621 
13 5.65114 0.03470 -1.34984 
14 4.94987 0.01545 -0.56951 
23 -13.81955 
Table VII-2d. 
16(1: 
and 
'1'" :: . It J 1ft} ~,) (1-;1- ~ 12,) (1.-)J·I:a,) 1-,(~)rJ.{J) .. 7-16 
("If f "'Ijk ) (ot) f1(4) (1'). .1-1:. j, ) (5) #(5) I 
The wavefunc~ion witp a symmetrical centre bond has: 
"'. 
- AI1,(,) cJ.(t) (1,.,-~3)6,JJ(t) 14(J)r1(J) , 
(..,., ~ k -r.;')(+) ~+) (l,.l ~1J(S)P[5) I •• 7-17 
and~N 
• It I· ?'4(') ,u.) (13 .f1'z. ) (z).{(L) r.,(3)J.{1) ..
(1+ ... k.,cJ) (If) PC4-) ('1, fk1'z){.s)P(s), · · 7-18 
The results of the energy calculations, including 
the MO energy are given in table VII-2e. These results 
show the same trend as those for the trans ion. The 
variant 'B' NPSO has a higher energy than the MO energy; 
whereas the variant 'A' NPSO wavefunction, and that 
with a symmetrical centre bond gave similar lowerings 
from the MO energy. Again the spin density results, 
table VII-2f, show that the variant 'B' NPSO wavefunction 
gives the most reasonable spin dens~ties. 
It is perhaps of interest to note that for both 
the MO and the unprojected NPEO wavefunction the cis 
butadiene ion appears to have a lower energy than 
that of the trans ion. The same problem has been 
observed previously,~l~, and also with calculations 
for the cis and trans mo1ecu1es,~19. Presumably the 
nuclear contribution to the total energy is greater 
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Results of the ener~y calculations for the cis butadiene ion. 
all results are quoted in e.V. 
method. energy k 
. MO 
-140.96665 e.V. 
NPSO-B 
-139.95795 e.V. 2.77 
NPSO-A 
-141.38767 e.V. 2.642 
NPSO-symmetrical 
-141.38766 e.V. 2.64 
Tab1e'VII-2e 
Results of the spin density calculations for the cis 
butadiene ion, 
method atom no. 1 2 
Amos and Snyder 1 0.475 0.025 
NPSO-A 0.940 -0.233 
NPSO-B 0.555 0.024 
NPSO-symmetrica1 0.921 -0.357 
Table VII-2f. 
1 
reference 42 
for the cis ion than the trans. 
In gene.ral altering· the geometry leads to no 
.. improvement in the results' - whether CI of SCF methods 
are used,~lj; hence assumed geometry cannot explain 
the discrepancy. 
VII.4: Naphthalene Negative Ion. 
The geometry of the naphthalene negative ion, as 
used in these calculations, is shown in figure VII-G. 
It is after Pauncz and Silberman,(75). Their integrals 
were also used, see table VII-3a. 
The NPSO wave function was initially set up as: 
-r, s Al (l, ... k.ll.)CI) ~(.) (1J ~"'l .. )(z.)clV) 
(1, .. ,,1,) (J),l(J) (1, .. k '1 .. ) c+) ({(If) 
('1'1 .. t1,~{5) tAC') ('1,,, f "1$ ) ("tl(,) 
(14 +-1'3~)(1)~(') (1,,'.,. k1.,,)CI)P{t) 
(1, ... ~r.(, )(J)t(,j (~.f" 1, )(ID) (J(c') 
(1, .,.Ii 18) (II) (1(n) I 
Again 'the symmei;ry projection operator for the D2h 
point group must be applied to equation 7-19, to 
give: 
•• 7-19 
o/r • q;, + '11. - W". -tr,v · .7-20 
where -
'11., A \ (1, .. k1, )(.)0((.) (1J ~ ,,11 )(I)«(2.l 
(~h" k 'J.s) (3) cl(~) (", l11J )(.,) ~+) 
~'" f "1,,,) (,) ~($) (19 r kt;" )C" )0{(6) 
(~t 1"")(1) P(1) (1s+ ""'0) (,)p(S) .. 7-21 
(tlft~ )(')~(9) (rt-#' "--1,) (II) ~(/~ ) 
(7'4.'" k 7', ) (II) ~(,,) 
, 
5 + 
Figure VII-G 
The ~eometry and numbering- scheme of the 
naphthalene negative ion. 
------.---~-
3 
16.$ 
., 
element coulomb overlap matrix element 
integral integral of the Hamiltonj 
11 17.22895 1.0 -74.34875 
21 9.21100 0.26199 -21.38680 
22 17.22895 1.0 -70.97841 
31 5.67494 0.03550 -2.35430 
32 8.95552 0.24067 -19.15051 
41 4.94385 0.01531 -1.04162 
51 3.76271 0.00177 -0.12003 
52 3.35407 0.00056 -0.03714 
53 3.78695 0.00187 -0.12420 
54 5.53083 0.03069 -2.08729 
61 3.35407 0.00056 -0.03714 
62 2.82798 0.00007 -0.00481 
63 2.94449 0.00012 -0.00804 
64 3.78695 0.00187 -0.12420 
91 8.92621 0.23826 -20.76953 
92 5.67494 0.03550 -2.50452 
, 
93 '4.95371 0.01552 -1.09471 
94 5.60304 0.03305 -2.38769 
99 17.22895 1.0 -84.13052 
10,9 8.94085 0.23946 -21.89262 
1 reference 75. 
Table VII-3a. 
166. 
o/.u ~ ~ I (It.''1~ )(.)/.(., (]C~.f ~1, )(z.) -'(1,) 
(11 J- t i,) ())J.(3) (~1"'''1f?) C.,., t'l(II' 
(~fY k1,,, )(,)J.{s) (1,,'" t t,,) eft' cI.{') 
(~j + k ,,%.)q)~6) (.1, l'" 1,)(v pes) 
(~s" k '1, )(;J PC,) (1/, f" 1$) Gc) pcio) 
•• 7-22 
(1" + Il,clt) (,.) ~(.I) ,. 
and 
thv ~ AI (~) "'kJ',)(,)~·) (7C , ,,,,,,c.)u)rl(t) 
(~j ... " t..) l~) J.(3) ( 7< • .,. k~,) (i) . "'(4) 
( 1'1. .. "1 ~) (~) t4(5) (1' 'O~ Il 1'., ) (,,' d(,) 
(1"t ~11 )(1) "c1) (1. ~ Ili,) c,) PCs) -
(1'1 .. "1tJ (9) p(9) (1.rrk'I'. )(ro) ,(0) 
(1'0 .. " 1'1)(11) PC~) I 
•• 7-23 
(Note: i) L((k) ~ \f'(¥,,). . 
'. ill ~,. is ~,with.t and ~ spins interchanged, 
except for the centre bond, (9 - 10) 
. 
and iii) reV is tf',. with ~ and p: "spins inte~changed, 
except for the centre bond. ) 
The results are given in table VII-3b, for both 
the NPSO and,MO wavefunctions. It can be seen that 
the NPSO energy is in fact higher than the ~O 
energy. 
A similar calculation was performed, but with the 
(9 - 10) bond symmetrical. The NPSO wavefunction used 
was: 
Results of the energy ""~~~~"~1:l.!~!"~_?_~~"_~~()~_~~e na~~~ha1_~ne 
negative ion. 
method energy k 
MO-
NPSO-A 
NPSO-symmetrical 
. 
~504.39344 e.V. 
-503.39625 e.v. 
-503,65201 e.V. 
Table V:JI-3b. 
3.425 
0.301 
Results of the spin density calculations for the 
naphthalene neg~tive ion. 
method atom number 
1 2 3 4 9 
NPSO- 0.916 -0.770 0".782 -0.707 0.222 
symmetrical 
Amos and 1 
Snyder 0.262 0.026 -0.076 
Table VII-3c. 
lregu1ar geometry assumed. 
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10 
0.'790 
where 
'JI, ~ AI (1' .... kl'L)C.)J.C., (1'3 -t-kJC4 )(t)ol£l.) (1.e .,. ,,~,)C3) ~(J) (")( ,,~ ~7'7 )(4f) e(If.' 
("~.f k~, )(5)tl15) (7'9'" x,.,) (,) "'(0 
(1'2," kr.;)(7)p(1) (7'4-" t}/~)l') ~(f) 
. (~s~ ~7'(, )(9) «')) ('f,7 4' ,,~,) (iD) ~ ('0) 
(7' 9 ~ ~ ~/) (It) (3(,.) I '.' 
and 
0/.. ~ A I (1', ~ k ~, )(.) "'li) (~.J -ttl )(~) ,,((t.) 
('"'-If ~ k~)(~)",,"~) ()<, l- "7',)(4-) el(4-) 
(1', .. tX7)(S)oL($) (-r,.f ~I")(').L(') 
(~If ~ "1-3) (1)f[7) (7'a."" 1,) ('J p{j) (Jl', 4- ~ 7'j)(,)f(f) (i-l +'l.1,)(lD) f(,:) 
(1-, 4- "7'/0) (tD K,,) I . 
and ~.iS q{ with spins o~ all the electrons 
interchanged, except thdt of ·the electron in the 
(9-10) bond. 
Here 
As can be seen from table VII-3b, the symmetrical 
unprojected NPSO energy is low~r than the original 
~nergy - but it is still more than 0.5 e.V. ~bove 
that of the l-1O wavefunction. 
This may, at first sight, seem a short coming 
in the NPSO metbod, but again diagramatic 
representation of the wavefunction can perhaps 
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•• 7-20 
•. 7-24 
•• 7-25 
1 
Figure VII-H (i) 
•• continued •• 
The arrangement of tI an~ spin electrons, 
in the naphthalene negative ion. 
~ denotes a one-elect,ron orbital containing a cI.. spiil 
0 denotes a one-electl'on orbital containing- a~ spin 
16. 
o 
3 
electron. 
electron . 
1 
o 
5 + 
denotes a one-electron orbital containing a J spin 
electron 
denotes a one-electron orbital containin~' a t 
spin elec~ron. 
Figure VII-H (ii) 
The arrangement of. and @ spin electrons ~ 
in the naphthalene negative ion. 
-----•. -----------~- ... ----, ...... ----------
K 
3 
give some indication as to why the NPSO wave function 
is less successful here than for naphthalene. (We 
-. shall shbw later that the same problems occur with 
the azulene negative ion.) 
171: 
From figure VII-H (and.many other feasible combinations 
of ol and P electrons,) it is possible to see 
that always there will be two sets of parall~l spin 
electrons in adjacent one-electron bonds; for example, 
, 
figure VII-H (i) has 6.- electrons in pairs of bonds 
(8 - 9), (9 -' 10) and (9 - 10), (10 - 5). This will 
always give'a situation with high electron rep.~sions. 
Although now we have an electron in the (9 - 10) , 
brigge bond, and so it is explicity included in the 
wavefunction, it is to the detriment of the NPSO 
wavefunction as a whole. 
VII.S: Azulen~ Negative Ion. 
With the azulene negative ion the bridge bond 
is included in the initial w~vefunction, and again, 
as with the naphthalene negative ion, the results 
were disappointing. 
The geometry of the azulene negative ion, and the 
numbering used, were those of the azulene molecule; 
see figureVII-J. 
figain it is impossible to completely put electrons 
of the same spin into non-adjacent two centre bonds, 
see figure VII-K. 
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1 
Figure VII-J 
~~~ ~e~~~~ry __ ~n~~~beri~~ of the azu1ene ne~ative ion. 
... 
1 
o 
denotes a one-electron bond containing a 
ot- spin electron 
denotes a one-electron bond containing a p. spin electron 
Figure VII-K 
17 ~ 
The arrangement of~ an5!._i.,,~p..~_I!:...!!_lect~~~~ 
the azu1enenegative ion. 
The NPSO 1\T;wefunction was set up by t,he application 
I of the symmetry projection operator for the C2v 
point group on the wavefunction ~" 
~ : Al (1, + k11.)(·)J.(,) (..,clt "1',.)(1.) 4'1(1.) 
(1.j'" "1,) (l) J.(3) ("1 + k~J )(4) ol(f) 
.• 7-26 
(7'.1 .,.1(-1',0) (S) .l(S) ( ~ 3 .,. 1-, ) M tA.M .. 7- 27 
(Xl. ... 1'1,,)(1) J1(1) (7'+t I'~ )(t.) P(~) 
(1(p ~ "17) (') P(9) (t',"" 7', ) ('D) {j((.) 
ex,. -t If.], )(11) PCu) I . 
~L = A I (}, ~ k1,o) (.)olC,) (~{ ~~) 6.) ol{i) 
.' (~1 ~ k1b) (1) cl (3) (7C,+ "'X+) (f)eL(".) 
( ')(3 -t t}l)(S)tL(S) (13+19) (~) J(t,) 
( 7"D .,. "]C., )(1) ol(.t) (~s 4 k"X., ) 's)..I(~) .. 7-28 , 
(-,<".f f'.fts )(9) ~(9) ( 7Ct + J!fo~) itI) ol (to) 
(~L +lc7C,) (it) ol(u) ./. 
Results of the energy calculations for the azu1ene 
negative ion. 
method 
MO 
NPSO-symmetrica1 
energy 
-502.20166 e.V. 
-496.92216 e.V. 
Table VII-4a. 
k 
4.7 
17~ 
Results of the spin density calculations for the azu1ene negative ion. 
method atom number 
1 2 3 4 5 6 7 8 9 
Amos -0.011 0.118 0.313 -0.178 0.434 0.099 
and Snyder 1 
NPSO 
-0.952 0.907 -0.423 0.909 -0.848. 0.846 -0.84-7 0.90 -0.114 
Table VII-4b. 
1 
regular geometry assumed. 
10 
0.261 
,.... 
'-l 
0'. 
i' 
The bridge bond was symmetrical. Note also that 
.' interchanges of spin in ~. and lY., need not be 
"included. 
The MO energy and the unprojected energy are given 
in table VIJ.-4a. It can be seen that the NPSO 
wavefunction, fails to lower the energy below that 
of the MO wavefunction. 
VII.6: 
Throughout the calculations the unprojected 
NPSO method was used, with theoretical integrals. 
Although the inclusion of full spin projection, or 
177 
even an approximation to it, should improve the results 
of the NPSO method, it is doubtful whether even 
this would give much better results for the azulene 
and naphthalene negative ions. 
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VIII:THE FULLY SPIN PROJECTED NPSO WAVBFUNCTION. 
';. 
VIII:l~tntrodu~tion. 
From previous calculations it seems reasonable to 
, 
assume that the NPSO wave~unction will give a good 
energy lowering from the HO energy, -for molecules. For 
medium sized ring systems, such as benzene, naphthalene 
and azulene, the results are promising. The unprojected 
energies, as expected are not as good as those from 
wave functions which have some allowance for spin 
projection. By increasing the allowance for spin 
• projection the energies improve; any improvement in 
the wavefunction should lead to an improvement in the 
spin density results. Annihilation as an approximation, 
when calculating spin density has already been criticised,(39). 
It would thus be of great interest if a practical 
method of fully projecting the NPSO wavefunction could 
be found. 
Here we propose such a method. It is, in fact, a 
< , 
synthesis of the AMO method and the NPSO method. 
Pauncz(14q has discussed the choice of molecular orbitals 
to be used as starting orbitals in the AHO method. He 
showed tbat, especially in the case of non-alternant 
systems, the choice of starting orbitals is quite 
critical. By using optimised molecular orbitals as the 
initial molecular orbitals,-the azulene ground state 
energy was redu?ed by over 2 e.V. , from that of the 
one-parameter AHO calculation. We propose to use the 
natural orbitals (NO) of the first order density matrix, 
(PODN) of the NPSO wavefunctionj but first we shall 
discuss density ::latrix met.hods ill general. 
, 
VIII,2: Density Matrix Theory. 
It has been suggested that h2a the problem of 
finding an approximate ground state ~avefunction for 
a many particl~ system may-be simplified by the use 
of d~nsity matric!es. 
The N-electron density matrix is defined as (12~ 
e(11'~Z' ,,,, ~ft I'%;,:t} "" %~) 
, 
"" 
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~ r(-x.',Xt1 --" ~,,) r(%:,~;, "'Ii) 
•• 8-1 
where x. denotes both the co-ordinates of position and 
l. 
spin of th~ electron, i • 
.~ 
Since the density matrix was 'first introduced by 
Von Neuman, {llj, through statistical mechanics, we must 
expect it to' have physical significance. Thus 
0/('%,,,,. 'Xf'l) f ('X, ", X .. ) d't-"d"%,,,,, dX,. 
----::-f(-XI "" ")(" I~, "" " .. ) d~,,,, J~ .. 8-2 
gives the probability of 
electron 2 in the volume 
in volume element 6~~. 
.-finding electron 
d~J ' ..... . 
1 in volume 4't.., , 
and electron n 
is just the 
diagonal element of the density matrix, multip1ied by 
the volumes d"l to 6'X" . The probability of electron 
1 being in ~/and the other (n-l) electrons being anywhere 
is given by:-
. , , 
The probability of any electron being In the volume elemen~ 
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is n times this, because the electrons are indistinguishable; 
viz;-
. 
N d~, J ~. (:' ,,' ~")~-J(( 1', ." x,. ) d X" ••• J 'X" 
• .8-4 
: p, ('1" ,..,,') dx, 
From this equation, 8-4, we define the reduced density 
matric, ,es. 
Fp ('I, : .. "p I 1,/ .. .. ':x P ) here the density matrix 
is of order p. 
Now P. ('4, ,~: ) is the first order density matrix, 
e (%, I X.') =' /( J q, ("" ... 'X .. ) ,/l'( ('t-,' '" 'X,.) dx., '" J %,. 
•• 8-5 
and similarly the second order density matrix ' . Pa (x', ~J .. : %;) 
is defined such that it determines the probability of 
two electrons being found simultaneously with 
co-ordinateS Xl and x 2 : < f" (ot, ", 1'1,' -X;) • N (/(-1) J ~(t, ,'X;". OX,,) 
'1"(%:;4"". ~ .. ) J~". J< .. 8-6 
(r) • .8-7 
The FODH can be obtained from the second order density 
matrix by 
• .8-8 
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'Density matric es possess the following properties,(llry:-
i) Th~y are Hermitian. 
. .8-9 
ii) They are antisymmetric with respect to interchange 
of variables. 
..8-10 
iii)They can be written in terms of orb~tals as (12-) 
... ,,  , 
, •• 8-11 
and· 
, 
iv)We can write ~2~ the expectation value of any 
operator F as 
•• 8-12 
"J ~ F(lt:~')cI'X •. 8-13 
'It',%-
Here the operator F operates only on x', and after 
the operation x' is set equal to x, before the integration 
is performed. 
For a system containing only two particle operat.ors, 
we thus need only "the second order density matrix to 
give the expectation value of the operatqrs. 
Consider the' Hamiltonian operator, H, this can be 
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-
written in terms of one and two electron operators as 
•. 
..8-14 
The expectation value of the Hamiltonian, ~ H ~ , 
gives 
f ~ j he" r, (x, : x:) l-x., + 
, 
",' ~'. J .9 (1,2.) ~ (~, x,. :)\:,' x;) J~, d'J(.": · 8-15 
"i ~ ", ~;~~z, 
'~len dealing with spin-free operators we can reduce 
the density matric.es further, to give spin1ess density 
ma t ric' e s , () $ f. '.,.. , ) I " \ ~ .. , t"p ~ r, ." , I' " 
Here p is the order of the spin1ess density matrix; and 
r denotes position co-ordinates, only. 
The first and second order- spin1ess density matric:- es 
are defined by 
p, S( r, : .1':). J f; ('" : ",' ) 
5,';5 
. ds, ~ 
that is, as.the FODH integrated over spin. 
f,5(~,~r:) gives the probability per unit. ~olume of 
finding an electron in Or, , with co-ordinates r 1 , 
without regard to spin. 
f2. Set', r,. : r: r:) .. J f" (X, ";I. '. ~,' ~') &5, J>~ 
s .. ~ 5, 
sJ. f. S" 
From the definiti9ns of the spin1es~ density matric:es 
we can give the expect.ation value of the spinlcss 
Hamiltonian, H, ( equation 1-2), as 
•• 8-17 
-/ 
E ~ <Hi 
•. 
.. ~ f ,,'(1); rl~r, : (," Br, 
r..~(. . 
. 
We can also express spin density in terms of these 
spin1ess densi~y matric. es. The first order spinless 
density matricies can be separated into terms due to 
of - spin and terms due .to ".... spin. That 
can be deduced from t,h~ calculation of p, (X, ~ X,' ) 
and its integration,(11~.(li3). 
•• 8-19 
The electron density is now the sum of two parts - the· . 
spin density is defined as the difference of ·these parts • 
• 
..8-20 
when 
VIII.a: Density Matrix Calculations. 
1t It is well known that reduced density matric es 
provide a good way of interpreting many-electron wave-
functions. . . . . . . The density matrix is a particularly 
useful way of comparin~ functions of different types. 
It may be possible on the basis of a density matrix 
analysis to make rather general statements about the 
, 
,. 
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description of any wavefunction of a particular 
type can make, as in tbe case of a spin projec·ted DODS 
sing1e""· de.terminant. "(121) • 
With thiS' in mirid the first order density matric: .es 
were calculated for some of the systems so far studied; 
those with bridge bonds, namely azu1ene, phenanthrene 
and anthracene. L8wdin, (122), gave formulae from which 
, 
it is possib1e\to calculate the FODH. If the initial 
is a wavef.unction If' ("", ~ ",-, ,"" %,.) 
determinant of spin orbitals ~ ~ 
'1'1 S. ' • • , , 4',.. , which 
are not necessarily orthogonal, we define p. ('t, ~ ",') as 
•• 8-21 
where 
.·.8-22 
and 
•• 8-23 
.' 
•• 8-24 
• 
i)Azulene. 
The results 'of the calculation of the first order 
density matrix for the unprojected NPSO wavefunction 
·for ~zulene are in table VIII-I. The AHO density matrix 
was also calculated, using equations 6.33,6.34,6.35 
and 6.31 from Pauncz (67)· 
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•. 
i . 
element unprojected NPSO optimised AHO 
( k = 0.2555) 
11 0.9021 0.8516 
22 0.9057 0.9626 
33 0.9354 0.8308 
44 0.8989 0.7934 
55 0.9001 0.8481 
66 0.8964 0.8040 
12 0.2098 0.2934 
23 0.2190 0.2743 
34 0.2155 0.3242 
45 0.2125 0.3450 
56 0.2113 0.3008 
39 - 0.1693 0.0713 
~ 
.. " 
table VIII-I. 
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;< r (ttlt. tk. C%.) lJ't be;) -t flf (1l,) lY£ ex, )' 4'f (:"\ 
• 
..8-25 
i .. 
where nk .and n-k 
. 
are given by 
nt. : 2 ~ r~ (~, ' , . , ~,.) •• 8-26 
h-t ~. Fk. ( ~, ' " , , ~ .. ) •• 8-27 ---,~----- .. -... -
and 
• 
FIC· $ (, -~,.) [I - ~d' ~~) t[L\co J 
- I\C' d'tlC 
".8-28 
The ~"and , /\0 are defined as previous1y,(chapter rII). 
There appears to be some confusion between the 
values quoted in Pauncz's paper,(71), and those in his 
book, (74). Comparing the va1ue~ of ~ - and the 
occupation numbers lead us to believe 'that the correct 
~ 's were those in table 7-12, reference 71 , viz:-
0.8992 0.8541 0.8536 
The AHO density m~trix is given, along with that for 
the NPSO wavefunction, in table VIII-I. 
Lack of definite inclusion of the (3 - 9) bond, 
( discussed in chapter IV ) in the ~iPSO wavefuncl,ioll 
is shown by thp. negrlt,i.ve j ctnt,ibonding? sign in the NPSO 
density ?Iatrix for the (3 - 9) eleme'nt. 
ii) Anthracene and Phenanthrene. 
FO~ both molecules the first order density matricles 
. .. . 
were calculat,ed from Pauncz' s formulae. 
By using SCF-MO's as the" starting orbitals for the 
AMO calculation, the FODM was also calculated for the 
SCF-MO wavefunction. ( The mixing parameter, >. , was 
187 
set to zero.). The FODM was calculated for the unprojected 
NPSO wavefunction. The results are given in table VIII-2 
for anthracene, and table VIII-3 for phenanthrene. 
. ) 
For both molecules the bridge bonds, (11 - 12) and 
(13 - 14), have negative elements in the NPSO density 
~. 
matric. ~s~ This reflects the neglect of these bonds 
in the wavefunction. 
VIII.4: Natural Orbitals. 
Natural spin orbitals were first defined by Ltl~din,(ll6, 
'2 from the diagonalisation of the FODH.- For a 
wavefunction, "', a single Slater determinant of a ' 
complete orthonormal set of spin orbitals, ~~-, the FODH, 
(including spin), can be defined as, . 
2 Similarly Natural spin geminals are obtained by the 
diagonalisation of the second order density matrix. 
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•. 
~!:~~_~ __ ~~:a_ez:_. den~_itL __ ~~!:!,i~_ fo~_~~thrace_~.~. 
; . 
element SCF-NO NPSO AMO 
,. 
11 0.7459 0.9397 0.7675 
I 
I 22 0.7741 0.9374 0.7943 
99 . 0.6795 0.9411 0.7048 
11,11 0.8473 0.9474 0.8666 
12 0.6707 0.1321 0.6174 
23 0.2566 0.1365 0.2274 
4,12 0.2264 0.1393 0.1991 
9,11 0.4658 0.1364 0.4242 
11,12 0.3879 -0.0357 0.3510 
/ 
table VIII-2. 
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element SCF-HO NPSO AMO 
11 0.7206 0.9402 0.7367 
22 0.7581 0.9381 0.7727 
33 0.7577 0.9381 0.7723 
44 0.7211 0.9404 0.7371 
99 0.7413 0.9402 0.7566 
11,11 0.8615 0.9466 0.8750 
12,12 0.8379 0.9489 0.8524 
12 0.5410 0.1345 0.5140 
23 0.4352 q.1345 0.4076 
... 
34 0.5369 0.1345 0.5053 
4,12 0.4188 0.1367 0.3914 
9,10 0.6710 0.1343 0.6342 
10,11 0.2347 0.1370, ( 0.2145 
1,11 0.4080 0.1368 0.3768 
11,12 0.4340 -0.0370 0.4058 
table VIII-3. 
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. , 
•• 8-30 
Since ~. is hermitian, the use of a unitary transformation 
can diagona1ise .f. 
lj1f. lit II 11 
". 
-
•• 8-31 
where n is a diagonal matrix. 
Thus:-
f, · lA n U" 
- - -
•• 8-32 
We can use the transform .u to define new spin 
-
orbitals 11' , such that 
{ ~.t Utu. •• 8-33 
Now the FOD~1, f. ;·has ,the simple form 
•• 8-34 
Here t1':\e. diagonal elements of n ~n equation 8-31, nk.. ' 
are called the occupation numbers. They represent the 
average number of electrons in each natural spin orbital, 
NSO, JC~. The occupation numbe~satisfy the- following 
conditions. 
and ..8-35 
( For an orthonormal set of Bpi. n orhit.als.) 
The NSO are symmetry orbita1~,(12j, which are not in 
general localised orbitals, though-localised orbitals 
can be constructed from them. _ They can be used to 
I 
give faster convergance in CI calculationS,~2~. 
, 
By ana~ogy, the na~ural orbitals can be defined as 
•. 
. .. 
eigenvectors of the spinless FODH. The relationship 
of the NSO to th~ natural orbitals (NO ) can be 
stated as, ~2~, if m = 0, for the z-component of 
spin of the total wavefunction, the NSO will equal 
the NO multiplied by a spin factor, ( J. or" 
VIII .. 5:Fully Soin Projected NPSO Calculations. 
i) Introduction. 
) . 
Previous calculations using NPSO wavefunctions have 
been unable, because of the size of the computational 
problem, to include full spin projection of the 
wavefunction. It is thought that, although this lack 
of spin projection is not a great omission for 
energy calculations, it could greatly affect the spin 
density results, and hence account at least to 
some extent, for the poor benzyl spin density results • 
Here we suggest a method of performing fully spin 
project,ed calculations. The approach of this method 
differs from that of using a projection ope~~tor 
on a symmetry projected wavefunction - i~ is in fact 
a combination of both the previously used unprojected 
NPSO method and the MlO method. The projection 
of a single de.terminant, DODS, of al ternant orbitals 
formed from the natural orbitals of the unprojected 
NPSO spillless FODH is calculated; the occupation llwnhel"s 
give the m;ixing parameter for the 
, 
ii) Theory 
Th~ spinless FODM,(~quation 8-16), can be written 
in terms 'of the atomic orbital_ basis set, f,ci \ _ ' 
Transforming the AO basis to an or-thogonal atomic 
orbital, (GAO) set, {"I[} , means that the trace of 
f, S will be equal to n, the number of electrons. 
The AO's can be transformed to the OAO's, using for 
example, the method of L8wdi}l, (1.41), 
and 
. ~' .. 
The FOm,1 can now be expressed in the OAO basis; 
.". 
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•. 8-36 
•• 8-37 
•• 8-38 
r.sct,:r,') "~j r~ 0 ~~ (r,) 1:/Cr,') .. 8-39 
and it can be diagona1ised to give the natural orbitals, 1 ~~ 1 ,in the OAO basis, such that 
•• 8-40 
The occupation numbers, Ni' now satisfy the relations 
i) OS: N. ~ 2 
~ 
and 
ii) ~ N. = n ~ 
•• 8-41 
~ 
and 
iii) if the NO's are ordered by decreasing occupation 
numbers, it can be shown tJlat, (14:} 
• 
." 
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• .. 1 , "~1,2'·' P, .. 8-42 •. 
and 
~ 1 •• 8-43 
where 
" 
= number of t electrons, I' = number of J electrons, 
and m = t (I- - JI) 
Thus it is possible to form two sets of natural orbitals, 
(each set with~ members), having the property that 
every orbital of the first set is paired with an 
orbital in the second set. A third set - defined by 
equation 8-43 - has no pairing properties. Using these 
properties Harriman, (l4~, formed the CO, corresponding 
orbitals of Amos and Hall,(37), or the paired 
orbitals of L6wdin,(36), from the following relationships:-
if u. and v. 
1 1 
are the paired or corresponding 
orbitals, 
Ui·' US .,,;, tt" ... $,~ e" ~: .. 1-i, •• 8-44 
• 1 .~ 
CO.s e~ ~;O ~~41 .. i " .. ",'. 
'" 
~ 
- S~ e i. 
.• 8-45 
and 
•• 8-46 
where 
•• 8-47 
Since the corresponding orbit~ls satisfy equation 3-27, 
the energy of a DODS ",·avcfunct..ion of ,the ty 1-'e 
~ • A [ u..L U~d UJ'.I·· ttrJ V, f .. , V" f J .8-48 
can be calculated, after full spin projection, by the 
194-
method of Pauncz, for closed shell systems or Harris for 
~pen ~hell systems. 
iii) Calculati~ns. 
We used the natural orbitals of the unprojected NPSO 
density matrix to form corresponding orbitals. These 
orbitals were used to form a Slater determinant within 
a DODS framework, and a wavefunction of the type given 
by equation 8~3Q was formed. This was fully spin projected 
,to give 
Before performing the calculations the corresponding 
orbitals were transformed back to tbe AO basis, ( 1, J ' 
since by this means transformation of the integrals 
to the OAO basis, {,c;#l ' can be avoided. 
•• 8-49 
Throughout the calculations, the integrals used were 
those previously used, calculated by Ruedenberg's method, 
to facilitate comparision. 
VIII.6: Applications of the Fully SQin Projected NPSO Hethod. 
i) Anthracene and Phenanthrene. 
The initial NPSO wavefunction used to calculate 
the density matrix was equation 5-2 for anthracene, 
and equation 5-6 for phenant.hrene. 
The energy minima are quoted in table VIII-4 and VIII-5, 
1 "th th A~IO (ftn RrRmD+Ar ~~]~!llaticn'J a ong W1 ,Po J' energy, , ... "--e-p- _"._~ w~ _____ -_ _ 
and the previous best NPSO energy. 
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Resu.ltsof the erergy calculations for anthracene. 
all energies are quoted in e.V. 
I method energy 
k 
SCF-LCAO-MO -777.2444 e.V. 
AMO -777.3830 e.V. 
proje~ted and 
unprojected NPSO -782.0769 e.V. "\ 0.2 
fully spin 
projected NSPO -783.6010 e.V. 0.274 
table VIII-4 
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Results of the energy calculations for Phenan-thrcne • 
•. 
all energies are quoted in e.V. 
i -
method energy k 
SCF-LCAO-HO -788.2206 e.V. 
AMO -788.2891 e.V. 
projected and 
unprojected NPSO 
-793 ' . .0594 e. V. 0.2 
fully spin 
projected NPSO -794.4813 e.V. 0.278 
table VIII-S. 
" . 
. .• 
First order density matrix for anthracene. 
-----------~~---~ - ---~--.--" .. ----. --.------~ --~--- .. -- ---
i . 
element 
11 
22 
99 
11,11 
12 
23 
4,12 
9,11 
11,12 
fully spin projected 
NPSO 
0.9248 
0.9221 
0.9262 
0.9348 
0.1625 
0.1699 
0.1736 
0.1691 
-0.0511 
table VII-6 
197 
I' 
198 
element fully spin projected 
NPSO 
11. 0.9272 
22 0.9247 
\. 
33 0.9246 
44 0.9276 
99 0.9272 
11,11 0.9365 
-
12,12 0.9396 
12 0.1630 
23 0.1628 
34 0.1630 
4,12 0.1665 
9,10 0.1629 
10,11 0.1675 
1,11 0.1668 < 
11,12 -0.0626 
t.ab1e VIII-7. 
/ 
I 
It can be seen that this fully spin projected method 
I 
lowers the energy below that of the previous best NPSO 
•. 
·energy,~ that from the projected and annihilated NPSO 
wavefunction. 
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The FOD~l's for this method are given in tables VIII-6 
and VIII-7 • For both molecule·s the (11 -12) and (13 -14) 
elements are still negative, due to their non-inclusion 
in the wavefunction. 
ii) Azulene. 
The wavefunction, equatiqn4-4 was used t,o calculate 
the density matrix from which the natural orbitals were 
formed. Since azulene is a non-alternant hydrocarbon, 
a similar pairing problem arose to that of Pauncz,(7 l ). 
Pairing the NO's by occupation number to give the 
corresponding orbitals does not give a wavefunction with 
the correct symmetry properties. (That is it does: not 
transform as one of the irreducible representations 
of the point ';group of .the molecule ~) Thus, after 
Pauncz,Ol), we paired the NO's by symmetry. The 
following pairing scheme was used:-
(I, 10), ( 2, 8), (3, 9), (4, 6), ( 5, 7) 
This p~iring is probably not too drastic an alteration 
of the general method, since the orbitals, (4': and ~j~) 
and ( ~: and ~/) have almost equal occupation numbers. 
viz:-
Nt. 1 • 717, tV;, 1 . 709 , . N~, 1 • 333 I Nj , 1. 305 , 
The results, along with that of the previous AMO 
and best NPSO calculatiohs are given in.table VIII-8. 
Again the ( 3 -·9 ), bridge bond, element of the density 
zoo 
~.Results of the energy calculations for azulene. 
all energies are quoted in e.V. 
method energy k 
SCF-LCAO-MO -49D.7623 e.V. 
AMO (. 5 parameters) -493.1266 e.V. 
AMO ( optimised) -494.4050 e.V. 
Best NPSO -495.8820 e.V. 0.228 
fully spin 
projected NPSO -496.4352 e.V. 0.284 
< 
ta.ble VIII-8 
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'. 
element fully spin projected 
NPSO 
11 0.9243 
22 ·0.9313 
33 0.9632 
44 0.9277 
55 0.9277 
66. (!).9180 
12 0.1577 
23 0.1606 
34 0.1602 
46 0.1576 
56 0.1595 
39 -0.1771 
< 
table VIII-9. 
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matrix, ( see table VIII-9 ), is antibonding,(negative). 
A good energy lowering was obtained • •. 
iii) The Benzyl Radical. 
The NPSO wavefunction used to form the density 
matrix was that of equation 6-3, NPSO-A wavefunction. 
The density matrix method lowers the energy from that 
previously ob~ained - see table VIII-IO. The spin densities 
were calculated using Pauncz's formula, aIh.l the results 
are given in table VIII-II, along with those of the 
AMO method and Amos'and Snyder's UHF method,(42). 
It can be seen that, although the spin densities 
are improved such that they are similar to those of 
the AMO method,they are still not in very good 
agreement with the experimental results. 
iv) Semi-empirical Data. 
Since the integrals used here have been questioned 
previously" an~ since the spin density results 
obtained using semi-empirical data seem to Qe. more 
reasonable than those calculated trom theoretical 
integrals,(42), we continued ·our work on the benzyl 
radical by using the parametrization recently suggested 
by Beveridge and Hinze, (139, that was found to be 
reasonably successful for calculating spin d~nsities 
and energies of excited states. The one centre coulomb 
integral was oeL ~qudl to I P 
all two centre ones - were calculated from equation 20, 
reference 139 , al~ other m.ul ticentre tlvO elect,ron integrals 
Results of the energy calculations for the benzyl radical. 
all energies are quoted in e.V. 
method energy k 
RHF-MO -305.6740 e.V. 
AMO -308.6701 e.V. 
best NPSO -309.5968 e.V. 4.85 
fully spin 
projected NPSO -309.7127 e.V. 4.62 
table VIII-10. ~ 
.' 
Spin~ensity results for the benzyl radical. 
method atom no. 
" 1 2 3 4 7 
AMO -0.264 0.451 -0.270 0.45C; 0.537 
Amos and 
Snyder 1 -0.127 0.205 '-0.105 0.175 0.752 
NPSO -0.262 0.454 -0.276 0.440 0.509 
(fully spin 
projected) 
experimental hyperfine coup'ling constants (gauss). 2 
5.14 1.75 6.14 16.35 
table VIII-II. 
1reference 42 
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i . 
element coulomb overlap matriX- element 
integral integral of the 
Hamiltonian. 
11 11.13 1.0 -23.38473 
12 6,18985 0.24682 -2.29102 
all other integral values were set tQ ·.ze;'o. 
table VIII-12. 
were neglected. The overlap integrals, as sug~ested 
by Beveridge and Hinze, were used to calculate the 
•. 
. -, 
beta values, but in the calculations we performed 
the original n:aFest neighbour overlap integrals 
were used, as these seemed more realistic. The data 
used is given in table VIII-12. 
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As a reference energy we performed an MO calculation _ 
using eigenvecto~s of the complete overlap matrix 
as molecular orbitals. We calculated the energy 
using the fully spin projected NPSO method. 
The results were~ 
Method 
MO 
NPSO 
energy. 
-109.4293 e.V. 
-115.3258 e.V. 
These results seem better than previous results 
using semi-empirical data; PPP data gave no energy 
k = 0.0095 
lowering for the NPSO wave function from the MO one. 
Again spin density calculations were performed; the 
results were not much improved; viz:-
1 2 3 4 7 atom nos. 
-0.165 0.2497 -0.161 0.250 0.266 
Since we have calculated the spin density using full 
spin projection, and semi-empirical data, with no 
improvement in the results, other reasons for-the lack 
of success of the method must now be considered -
e.g. assumed geometry. 
v) Two.variable ·paramet~rs. 
In·~~furthe:r: attempt to calculate reasonable 
spin densities for the benzyl radical, we performed 
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the fully spin projected calculation using the wavefunction 
with two vari'able parameters,' equation 6-23, with 
Ruedenberg integral values. 
Here it ~.isinteresting to note that, as 
expected, 
. (jEt -t 1 ) = 
for the same variable parameter k, if 
, (1~t-t1), 
k = 1/ t k 
. t 
The energy obtained, the lowest for the benzyl 
radical was:-
-309.7805 e.V. k = 5.1, k t = 0.325 
The resulting spin densities were:-
atom.no. 1 
-0.251 
2 
0.472 
3 
-0.281 
< 
7 
0.457 
As can be seen the spin densities have been considerably 
reduced - ail values are less than 0.5. However, 
there is still insufficient density on the seventh 
atom, compared to the other atoms; in fact the 
density on the seventh atom is now less than that on 
the second and fourth atoms. 
It seems, thus, an inherent feature of the NPSO 
method, as with the AMO wavefunct.ion, that, although 
good energies can be obtained,.reminimisation may be 
necessary for other physical properties. 
vi) Furt~e!,:_aEl).~_i<.:~!~ion!!?~~the fullX_~p~I! __ I?_~0:tected 
NPSQ. __ 1!!~th.2..~ . 
. 
Excited~S'tates 'of Azulene: 
The spectra of alternant hydrocarbon molecules can . 
be predicted relatively e~sily, in good agreement with 
experimental results. The theory of the spectra of 
alternant hydrocarbons is well documented,(136),(137). 
Because of the lack of pairing between occupied and 
unoccupied orbitals for non-alternant molecules, their 
spectra are not as easy to predict. Several attempts 
have been made,(133),(134). Here, using the fully spin 
......... 
projected NPSO method, dttempts were made to predict 
azu1ene transitions. 
Experimentally the following transitions have been 
observed: -' 
So- Sl fluorescence at 
So- Tl phosphorescence at 
1 . 
""" 13,200 cm- ,(131) 
A 8,40 0 cm- l , (131). 
Z08 
-1 The So - T 1 transition has also been report.ep. at "'" 11,600 cm , 
(13 2 ); and this clash of observation ~ead nirks,(131 ), to 
say: " Reliable data on the lower excited states of 
azulene remains elusive." 
Calculations: 
The transition energies were calculated from the difference 
between the ground state-. ~A state - energy and the 
energies of the excited states - 18 , 3A , 38 • 
Calculatio'ns for t,he ground state have been previously 
reported, in this chapter. 'Ihe ground state energy was 
taken as E = -496.43524 e.V., at k = 0.284. 
Throug'hout these calculations the unprojected NPSO 
wavefunction was used to set up the first order density matrix 
., 
~ _!;' 'z..i... I'....";S 
. from which the natural orhi tals were calculat.ed. 
For the ground state, 
'. 
..8-49 
where i 
'Ii 9 AI'1tflC:l':)(.)cU,) (1j'" Jt.rtt) b) .t(~) 
('l-," ~lb)(;) Q((3) (11+ t:Y,)llf) tA{1t) 
(1'" r "1,,) (5)115). C"I z tl(~3 )(,,)~(,) 
(~Itf't1;) (1) ~(1) (~b ~" ~7) (~) ,(S) .. 8-50 
(1f'" k1q) (~)~(9) (1,0 + '(')!,) ('0) K'~) J 
and Qtwas derived from~Lby the application of the correct 
symmetry projection operutor for the lA state, 
% :: A I (k.,c, + 1~)u)ll') ()t+JC}3)lt)U~) 
(1(,40 ~1))(;)(L(l) (1'" ..... "11) (4) at(lf) 
(7',,, "'''''.,) (s)~(s) (hi' '(.13) (,) pCb) 
(1; .. 1<.111)(1) P(1) (tC,+ t ~.)(')~(r) 
(1jt ~N )(1) P (~)(7'; .,. "7'~) (I,) )lIP)}· .8-51 
For the excited states 'fr was der~:edr from 4[bY the 
application of the appropriate symmetry projection 
operator for t.he state. 
For the 3A state, 
4'1 = lVz ... % , as previously; but 
for both the 38 and 18 states, 
Ll'T" lfJ - lJI il 
where 4'1 and If'.n. were previously defined, equations 
8-50 and 8-51. 
.• 8-52 
For the triplet states, spin projection will ~ive 
different coefficients, Ck ' in ·the Paunc'z energy formula, 
equations.·3-4l and3-46. ' 
'I'he values of t,he coef~icien'f:,s, when s = 1, (triplet) 
must be1r~-ca1c~lated from 
crt' = C--!t 3 h -I (,J (t1-2k) 
210 
(n+-I) (n +'1) 
•• 8-53 
Thus, by slight modification of the original density 
matrix NPSO program, it was possible to calculate the 
energies of the excited states. Ruedenberg integral 
values were used, with the Hu1liken approximation. 
'l'he· minimum energy results are given in table VIII:"13. 
Notice that both the B symmetry states have k almost 
equal, as do both th~ A states. 
The calculated transition energies, with those of 
previous workers, and the experimental ones, are given 
in table VIII-14, .in e. V. 
It can be seen that Our results compare favourably 
with those of Amos,(138), but not with those of Pariser,(133). 
Our calculations do not agree with the experimentally (135) 
~ 
obtained results. Since 1 e.V. = 8068 cm-1 these 
calcu1a~ions give the transitions as:-
S - Sl 300 
-1 
cm 
0 
S - T1 9128 
-1 
cm 
0 
S - T2 9259 
-1 
cm 
0 
Since Pariser used semi-empirical data, and in 
general semi-empirical data gives good agreement with 
experimental results, we continued our calculations 
using the p~rametrization of Beveridge and Hinze,(139). 
The dat,a used is given in table VIII-1S. Nearest overlap 
211 
'. 
i 
of the azulene molecule. 
all energies are given in e.V. 
state energy k 
lA 
-496.43524 e.V • 0.284 
.. 
:tB 
-496.39804 e.V. 0.312 
3A -495.30377 e.V. 0.281 
3B -495.28762 e.V. 0.3125 
table VIII-13. 
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•. 
. .. 
Calculated transi tio~ __ ~_~('!!'J!"ies for: ___ a_z.!:l!'3~~. 
-- .. -----~--.-.~-------. _ .. _-- .--~-.-
s 
- Sl 300 -1 0 em 
.. 
-1 S T1 9128 em 0 
S 
- T2 9259 -1 0 em 
table VIII-14 
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Bev~,rJ~~l.£~ __ ~~<.LHinze data for azulene. 
- -" ... -.. ------ --------------._.---.---
. .
element coulomb overlap Hamiltonian 
integral integral element 
11 11.13 1.0 -24.76406 
22 -24.73607 
33 -31.42926 
44 -24.75898 
55 -24.75898 
66 -24.77938 
12 6.80203 0.24682 -3.55270 
23 6.77404 -3.47341 
'. 
34 6.80969 -3.57452 
45 6.78929 -3.51652 
39 6.68554 -3.22863 
0( 
I 
table VIII-15. 
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state energy k 
1A 
-187.37069 e.V. 0.179 
1B 
-187.37121 e.V. 0.185 
3A _187.47765 e.V. 0.1875 
3B -187.47516 e.V. 0.19 
table VIII-16. 
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integrals were used,only, and the original inte~ral 
values.? not those suggested by Beveridge and Hinze, were 
used. Only coulomb integrals between nearest neighbours 
were used, sin~e.the Mulliken approximation would set 
these to zero, through the neglect of overlap. 
The results -as; given in table .VIII-lq, are very 
disappointing. The excited states appedr to have 
energies lower than the ground state. But previous NPSO 
calculations usi?g semi-empirical data have also been 
less successful than those using theoretical integrals -
thus the results may reflect the inadequacy of trying to 
perform an NPSO calculation with semi-empirical data. 
Since calculations on the excited states of benzene'(S2) 
~ 
were quite successful, it seems~with further work, it 
should be possible to improve the results obtained here. 
( 
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IX. CONCLUSION. 
-. 
The'cerrelation energy for a system may be considered 
as the difference be.tween the exact solution of the 
, 
~on-relativistic Schrl:Sdinger wave equation and the HF energy; 
but the correlation considered in this thesis has been 
limited further. We have been calculating molecular 
wavefunctions and ground state energies using only the 
pi-electrons of the molecules. The energy contribution 
due to the sigma-electrons was assumed constant and 
independant of the pi-electron structure, and included 
in the hamiltonian term h • (i) were all the nuclear 
core 
effects. Numerous other calculations have worked within 
the same restrictions. 
Previous workers have s40wn the NPSO method to be a 
successful way of writing a molecular wavefunction which 
takes into account pi-electron correlation. Benzene has 
frequently been used as a test molecule; and for benzene 
the NPSO method gives good results. 
'f' 
Empedocles and Linn-ett, (52) made a -:thorough investigation 
of -the NPSO method as applied to the benzene molecule, 
and compared their-results with those obtained by 
different- methods. From I-loskowi tz and Barnett's Nolecular 
Orbital energy,(57), and their configuration interaction 
result,(with twenty one adj~stable paramenters,) it is 
possible to estimate the correlation energy for benzene. 
The best NPSO energy showed that 97% of this correlation 
energy could be accounted for by this method, using only 
two adjustable parameters. (If the weightings of t-he 
two components of the total wavefunction,f , a l and a 2 , 
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where 
, are assumed, 
1.~he number of variable parameters reduces to one.) The 
" 
comparable AMO'wavefunction, with two variable parameters, 
(58),accounted for 90% of the correlation energy. Further 
i 
simplification of the A~lO and NPSO methods, such that 
only one adjustable constant, k, for the NPSO method, is 
used, produces, as expected, a lowering in the amount of 
correlation energy included in the ground state energy. 
The one-parameter A110,(129) , includes about 78% of the 
correlation energy, whereas the comparable NPSO method 
accounts for about 91%. Thus the NPSO method, using one 
adjustable parameter is marginally better··than the two-
parameter AMO method. Ebbing and Poplawski,(59), applied 
the separated-pair., or geminal theory, (130) to benzene. 
The lowest ground state energy obtained by them, including 
an allowance for resonance, contained only 64% of the 
correlation energy. Hence for the benzene molecule, the 
NPSO method- is. superior. 
Pauncz (85) said of the NPSO method, that it surpasses 
< 
the AHO method for small molecules, but he questioned 
the feas'ibility of the calculations being ex:te~d to 
larger systems. The results in this thesis for azulene, 
phenanthrene, anthracene and the ~enzyl radical show 
that the calculations are possible. The problem of 
non-orthogonality is surmountable, by ignoring cross 
terms between determinants, and using the method of 
King et al. (70), for forming orthogonal one-electron 
orbitals. It is thus possible to obtain an NPSO energy, 
unproject.ed, usine: a onA aoj1.1st.able para.meter wavefunction 
which is better than that obtained from a' five-parameter 
A1-1O method, for azulene. Optimising the anti-bonding 
starting orbitals for the five-parameter A~ro method 
. 
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lowers'the ene~gy below the unprojected NPSO result; but 
the annihilated NPSO energy, (where some account was made 
for spin projection) @'ives a better energy than even 
this AMO result.The inclusion of full spin projection 
into the NPSO wavefunction lowers the ene~gy even further. 
For all three large hydrocarbon molecules studied, 
azulerie, anthracene and phenanthrene, the unprojected 
NPSO wave function with one adjustable para:"\eter gives 
a lower ground state energy than the comparable AMO method. 
The inclusion of some spin projection lowers the energy 
even further. So it seems that for large hydrocarbon 
molecules the NPSO method makes good allowance for 
electron correlation. IIIf a major portion of correlation 
energy can be obtained for a large class of molecules 
the method may be deemed successful."(59). 
One further point in favour of the NPSO method: for 
conjugated hydrocarbon molecules the assumption that 
~ 
the adjustable parameter, k, is 0.25 is not too drastic. 
Hence a wavefunction which has irtuitive meaning, 
in terms of lone pairs, bonds and inner shells can be 
quickly written for hydrocarbon molecules. 
The spin density calculations for radicals and ions 
were less successful than t.he energy calculatioils. Several 
reasons have already been suggested for the poor results 
for the benzyl radical. One further suggestion is made here. 
Vincow and 30hnson,(92) obtained good hyperfine coupling 
constants using the M·W method. bl11.~ t.hey obtained the 
wavefunction 'used in their calculations by criteria 
other than minimum ground state energy. Other workers 
j~ 'J<',""r~ 
li""' DlJQ'-"'--' -- -' -
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have considered the criteria for good wavefunctions.(lll), 
and found it necessar~ to reminimise the wave function 
>. 
to obtalri satisfactory charge distributions, (112). Perhaps, 
as with the ANO method, the spin densities should be 
. -
calculated from the "best!' NPSO wavefunction found by 
criteria other than minimum energy. 
The preliminary calculations on the excited states 
of azulene llTere not as good as hoped, but further work 
may improve them. 
For the three large hydrocarbon molecules studied 
in this work, and the benzyl radical, the best NPSO 
ground st,ate energy is calculated by the fully spin 
projected method. This is, as expected, since the 
wave function formed by such -, a method is an eigenfunction 
- . 
of the spin operators, and so satisfies the criteria 
for a good wavefunction. This fully spin projected method 
used the first order density matrix formed from a symmetry 
projected NPSO wavefunction, and through the use 
of natural orbitals forms a single determinantal 
wavefunction. The wavefunction has pairing properties 
similar to those of an AMO wavefunction, and so the 
fully spin project.ed enerf"Y can be calculate.d .• Using 
this NPSO method it should be possible to perform NPSO 
calculations t~include the bridge bond explicitly, 
by using a wave function of the form 
",-tv, ~r #J '1, .W, 
where "", ,as previously used, spans the external 
bonds, and q;,. includes the bl'iug~ bond. 
The spin density results for the benzYl 
are improved by this method, and perhaps here is "1(re 
more work should be done. 
In conclusion, although lack of orthogonality of 
the initial semi-localised orbitals formed in the NPSO 
'. 
, ~ 
method makes computation, using the wavefunction 
difficult, it ,is possible, using either approximate 
methods, or a, synthesis of both DODS methods, (A?-lO and 
NPSO), ~o calculate good ground state energies,_ even 
for 'la~g'e hydrocarbon molecules. 
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Appendix I. 
'. 
. ~ 
Integral approximations, after Ruedenberg,(82). 
Hamiltonian e"lements over atomic orbitals. 
All Hamiltonian matrix elements were calculated ,·d thin 
.the "tight -' binding formulation" of Ruedenberg. 
where u,.H denotes the potential energy of all electron 
... 
in the field of a hydrogen atom, 
and Ue denotes the potential energy of p . \ 
-' 
an electron in the field of a carbon atom. 
The diagonal elements reduce to 
~ ~ I ftpp .• { i, J'}", \7/ i,7 + 0pp ,~, tl (a rr) 
where U rr is the sum of the various penetration 
integrals, depending on the position of the carbon atom. 
For a joint atom, P, 
Urr' (1,1 U,e (1,7 .d(l, (U,.' (1-.7 
for a non-joint carbon atom,P, 
«t'I'. L i, f u,' (1,., ... 2 <)t,l u1' Ii,' of 
"'i, , U: ,~,7 
and /1 Ittr"l , /J'llIl'l t - I 
"rr -
l' 41-, I "1~"1 ,I ~ ,. 
" 
, ".- , I 
1 ( ", .( «,," 11, ..., 
if P is at the end of a conjuiIat.ed hydrocarbon 
. 
. 
. , 
chain. 
II ~" 1/ '"""" "f"", l(' .O".'i'p. :.~ '\l oil ",'i ;k I~ . 
I 222 (ii pp) is a coulomb integral bet.ween atoms i and p. 
The i~tegrals ~~, I U,t.[ y.." 7 
are carbon penetration integrals calculated using the 
formula given ,in equation 5.2 and 3.10 in reference 82 , 
page 1895. T~e numerical valu~s, quoted in e.V., not 
as in Ruedenbergts work, depend on internuclear 
distance, except. for:-
36.296897 e.V. . (~/I«,' I ~, , • 
The integral ~ 1,/ (At!' 11, ., is a hydrogen penetration 
integral calculated by equations 6.7,6.8~and 6.9, 
page 1896, reference 82 ; its numerical value is 
0.610669 e.V. 
The off-diagonal elements of the Hamiltonian were 
calculated from 
where 
The carbon penetration integrals ~ 7'f IU,Cl.h ~ were 
again calculated using Ruedenbergts method, equation 4.4, 
page 1695, reference 82 
Usin~ Mulliken's approximation,(83), that 
Lr~lrs) ,. fSrftj fpr {yr' t-LttJrf" +- 1'rfss , 
.,. L 1'1' I SO 1 
where Spq is an overlap integral becween 
orbi tals 'X f and '"'to/' ' 
-the atomic 
and ''tt I r r ~ is a coulomb integral, 
the off-diagonal elements of the Hamiltonian reduce to:-
Overlap integrals. 
All overlap integrals were calculated exactly, but 
I using the orbital exponent suggested by Ruedenberg; 
viz:-
1 (orbital "exponent) = 1.161789. 
Coulomb integrals. 
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'ft' rs., ~ JI1',(,) ~(I) k'1 1rc~) "(.$(1-) St, $1:2-
One and two centre coulomb "integrals were calculated 
using Roothaan's method,(12~', . 
All other multi-centred two electron ~ntegra1s were 
calculated using the Mulliken approximation. 
~ 4 S n- . Srs f Lrr'rr >4-L1t'rr7 
.. <l'p1SS7 A- '-'I'11SS7] 
Kinetic energy"integra1s. 
, the kinetic energy 
integrals were also calculated per Roothaan. 
where } 
t 
= orbital exponent = 1.161789 
= (f4 -5 b ) Ie SA· j b ) , which for 
two orbitals of the same exponent, is zero. 
(2prrI\11p1f~) . =(J-tf +lp2 ~~ r.JJ [r 
and 
where R = interatomic distance, 
and . 
p: ! (f" -r f .,) Jt . ~. 
(equation 2.1, 
reference 8~ p.1893.) 
J 
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Appendix II. 
•. 
Integral approximations, after Goeppert-?-1ayer and Sklar,( 97). 
The Goeppert-Mayer Sklar core integrals differ 
from those calculated by Ruedenberg's method in that 
the hydrogen atoms and their effects are neglected, and 
the potential due to a carbon nucleus is set to the 
potential of a neutral ca~bon atom in the valence state, 
. 
minus the charge distribution of an electron in a pi- orbital, 
ie. 
Thus the elements are given by 
The diagonal elements reduce to 
Hftn 11 £.1 p. I ~f Q f.,c P~ . .. Up+ 1'" z., U .,. 
rr ,.~ ""; 1'~r . 0/ • 
But "iF I .. f,.. ~ lir , -!!-{,,+ 
is equal in magnit~de, to the ionisation potential of a 
carbon atom: 
-, . 
The potential of 
- Jp ... ~~I' LA; --------- -- -
the carbon ~ucleus is equal to the 
potential of a "neutral carbon atom, 
penetration integral, (pI qq). 
minus a 
Thus 
226 
I was set equal to 11.22 e.V., Ru~denberg's value,(82). p 
The penetration integrals were calculated by Rueclenberg's 
. 
method;·(equat{on 4-4, reference 82,p.1895), as previously. 
The off-diagona~elements were calculated as previously, 
Which reduces, (throu~h the use of the Hulliken 
approximation,)tb 
Coulomb integrals. 
• 
The coulomb integrals were calculated as previously, 
except that' for the calculation of the Hamiltonian 
matrix elements, the one-centre integral was 
calculated from the relat~onship: 
Overlap integrals. 
As previously complete overlap was included. All 
integrals were calculated as previously. 
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